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ABSTRACT 


Chapter I is a survey of finite automata as acceptors of finite 
labeled trees. Chapter II is a survey of finite automata as acceptors 
of infinite strings on a finite alphabet. Among the automata models 
considered in Chapter II are those used by McNaughton, Buchi, and 
Landweber. In Chapter II we also consider several new automata models 
based on a notion of a run of a finite automaton on an infinite string 
suggested by Professor A.R. Meyer in private communication. We show 
that these new models are all equivalent to various previously formulated 


models. 


M.O. Rabin has published two solutions of the emptiness problem for 
finite automata operating on infinite labeled trees. Appendices I and 
II contain a new solution of this emptiness problem. This new solution 
was obtained jointly by the author and Charles Rackoff. 
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Introduction 


In 1969 M.O. Rabin [8] used finite automata on infinite trees to 
give a decision procedure for the monadic second-order theory of two 
successor functions. This is a powerful result and has as corollaries 
decision procedures for several other interesting theories whose decision 
problems were previously open. It, also, solved several other open problems. 
Rabin's work has attracted considerable attention from mathematicians who 
are otherwise not very interested in the notion of a finite automaton. 

We believe that the proper way to begin one's study of finite automata 
on infinite trees and of Rabin's work is by studying finite automata on 
finite trees and finite automata on infinite sequences. It is hoped that 
this thesis will aid the reader in these preliminary studies. 

The most interesting new result contained in this thesis was obtained 
jointly by the author and Charles Rackoff and is presented in Appendices I 
and II. We reduce the emptiness problem for finite automata on infinite 
trees (either as defined by Rabin in [8] using the designated subset 
acceptance condition, or as defined by Rabin in [7] using the 12 acceptance 
condition) to the emptiness problem for finite automata on finite trees. 

Every proof in this paper is effective in the sense that: 

1) When the existence of a finite automaton with certain properties is 
asserted given the existence of another (other) finite automaton (s), 
then the proof consists in determining the finite automaton with the 


asserted properties from the given finite automaton (s). 
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2) When the existence of a characterization of a set is asserted given 
another characterization of it, the proof consists in determining the 
new characterization from the old characterization. 

The principal results in Chapter I are summarized by the following: 

A 1-f.a.f.t. is a leaf-up nondeterministic finite automaton on finite 
D-trees. 

A 2-f.a.f.t. is a leaf-up deterministic finite automaton for finite 
Yr-trees. 

A 3-f.a.f.t. is a root-down nondeterministic finite automaton on 
finite d-trees. 

A 4-f.a.f.t. is a root-down deterministic finite automaton on 


finite D-trees. 


lef.a.f.t. = 2-f.a.f.t. = 3-f.a.f.t. D4-f.a.f.t. 


3-f.a.f.t. 4ef.a.f.t. 
union closed 


intersection closed 
complementation closed no 
projection closed no 


cylindrification closed closed 


TABLE 1 


The principal results of Chapter II are summarized by the following. 
Those unfamiliar with the usual definition of a finite automaton run on 
an infinite sequence should refer to Chapter II. We abbreviate non- 
deterministic finite automata as n.f.a., and deterministic finite automaton 


as d.f.a. 


ape 


For i€ {1, 1', 2, 2", 3, 4}, a rum r on an infinite sequence of 
an i-n.f.a. (i-d.f.a.) Mwith state set S is an accepting run if r is 
i-accepting, where 

r is l-accepting with respect to F © S if 
(dt) r(t) EF, 

r is 1'-accepting with respect to F © S if 
(Wt) r(t) € PF, 

r is 2-accepting with respect to F © § if 
In(r) N F #4, 

r is 2'-accepting with respect to # © P(S) if 
(4F € ¥) In(r) ¢ F, 

r is 3-accepting with respect to % © P(S) if 
In(r) € F, 


r is 4-accepting with respect toM= ((R,; G5) » if for some i <n, 


i<n 
In(r) R, = ¢ and In(r) Nf G, # . 
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len. f.a. = led.f.a. 
l'en.f.a. = l'-d.f.a. 
2'en.f.a. = 2'-d.f.a. 


2-n.f.a. = 3-n.f.a. = 3-d.f.a. = 4en.f.a. = 4-d.f.a. 


L'ef.a. 2-d.f.a. - 
1l-f.a. 
dee 
2-4. f.a. 
=F . 
1-f.a. 1'-f.a. 2-d.f.a. 2'-f.a. 3-f.a. 
union 
intersection 
complementation 
projection 
cylindrification 


TABLE 2 


CHAPTER I 


Finite Automata on Finite Trees 


SECTION I INTRODUCTION 


In 1965 finite automata on finite trees were first used by J.E. 
Doner [2] who first applied them to obtain a decision procedure for 
the weak monadic second-order theory of two successor functions. Thatcher 
and Wright [11, 12] independently developed finite automata on finite 
trees and noticed the same application. 

Finite automata on finite trees are no harder to visualize and 
understand than finite automata on finite sequences, and, in fact, the 
various finite automata models on finite trees have just those properties 
which one familiar with finite automata on finite sequences would 


expect them to have. 


SECTION II DEFINITIONS 


We will use the usual set theoretic notation throughout this paper. 
A function f: A +B is a subset f © A X B such that 1) for alla€A 
there is (a,b) € f,for some b € B, 2) for all a € A, b, c € B, (a,b) € f 
and (a,c) € f implies b = c. Sometimes we will describe a mapping by 
the notation x b f(x), x € A, which indicates that x € A, x is mapped 
into f(x). If f: A+B then A and f(A) = {f(a) | a € A} are called, 
respectively, the domain and the range of f. If f: A+B andC CA, 


then f£|C will denote the restriction f(C x B) of f to C. 
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The cardinality of a set A will be denoted by c(A). The set of 
all subsets of a set A will be denoted by P(A). For a an ordinal we 
let the set [a] = {8 | B <a} of all smaller ordinals. We will use W 
to denote [w] = {0,1,2, ...}. 

For the set A and n an integer, A™ is the set of all n-termed sequences 
of elements of A. That is, A” = {y | §: {1,2,..., n} * A}. Let A 
be a set, n an integer, and 1< i<n. The projection onto the ith 
coordinate is the mapping P;? A™ 4 A such that p, (x, 5 slerety x)? = X,- 
Strictly speaking, projections such as (x,y) b y and (x,y,z) by y are 
different mappings, but we will denote both by Po: 

The infinite binary tree is the set T = (0,1) of all finite strings 
of zeros and ones. The elements x € T are the nodes of T. For x € T, 


f x. The empty 


the nodes x0, xl are called the immediate successors 
word is called the root of T. Our language suggests the following picture. 
The highest node of T is the root A. The root branches down to the 

right into the node 0 and to the left into the node 1. The node 0 
branches into 00 and 01; the node 1 branches into 10 and 11; and so on 


ad infinitum. 
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Definition: On T we define a partial ordering by x < y iff there exists 


a z such that y = xz. If x < y and x # y then we shall write x < y. 


Definition: For x € T, the subtree ue with root x is defined by 


ie = {y y €T, x S$ y}. Note that TA = T. 


Definition: A path t of a tree T, is a set TC T,. satisfying 1) x € 7, 
2) for y € 7, either yO € tT or yl € T, but not both, 3) 7 is a minimal 


subset of T, satisfying 1) and 2). 


Definition: A subset FC T, is called a frontier of T, if for every 


path TC 7 we have c(77 NM F) = 1. 
It is easily seen that if FC Ty is a frontier, then F is finite. 


Definition: A finite frontiered tree with root z is a set E {x | z2< x 
& x < y, for some y € F} where F is a fixed frontier of qT F is called 
the frontier of E, and is denoted Ft(E,). By "finite tree” we will mean 
a finite frontiered tree. When the root is A we will often write E 
rather than Eq: 

Definition: A finite D(labeled)-tree is a pair (v,E,) where EC T 


is a finite frontiered tree with root z and v: E -Ft(E,) + 2. 

Definition: The set of all finite )-trees with root “AV will be denoted Y5° 
eee : 2 ° A e < = 

Definition: The projection P, ¢ ) of a set A po is p, (A) 

{(p,v, E) (v,E) € A} S©Y.. The Y,-cylindrification of a set B © Y. 
1 xy o) “Sve snereescerson zr. 


F e a 
is the largest set ACS Pee such that P, (A) B. 
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The complement Ar of a set AC Y5 is Ac = Yp - A. 


If (v,E,) is a finite L-tree and y € E ,» then the induced 


subtree (v | £1 T,> EM T,) will he denoted (v, E, n T,)- 


Definition: An n-J(joining)-table on finite 2-trees is a system 

O1' =<s, %, M, or >, where S is the finite state set, 1 is the finite 
label set, M: S xX S x Y# P(S) is the state transition function, and 

So € S is the initial state. 


A d-J-table is an n-J-table with M: Sx 8x2 {{s} | s€ S}. 


An 


Iz 


“run on 2-tree e = (v,E,) is any mapping r: E. + S$ such that 
1) r(Ft(E,)) = {So} and 2) for all y € E. - Ft(E,), r(y) € M(r(y0), 


r(yl), v(y)). 


Definition: An n-S(splitting)-table on finite D-trees is a system 


OU' =<S, 2, M, s 


0 > where S is the finite state set, 2 is the finite 


label set, M: S x 4 P(S x S) is the state transition function, and 


So € S is the initial state. 


A d-S-table is an n-S-table with M: S x D9 {{(s), s8)} | (s,> 8,) € 


» 


S X S}. 
An Ol'-run on D-tree e = (v,E,) is any mapping r: E, 4 § such that 

1) r(x) = So» and 2) for all y € E.. - Ft(E,), (r(y0), r(yl)) € M(r(y), v(y)). 
We also talk about an O[-run of an f.a.f.t. Olona finite labeled 

tree meaning an Ol'-run of the associated J(S)-table OU. The set 


of all O[-runs on e is denoted Rn(O7,e). 
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Definition: Leaf-up nondeterministic finite automaton on finite L-trees: 


A l-f.a.f.t. on finite D-trees is a system Ol= <8, 5, M, Sy» F >, 


where <S, LD, M, s, > is an n-J-table,.and F © S is the set of designated 


0 
states. 
1-f.a.f.t. OT accepts finite Y-tree e = (v,E,) if there exists an 


Ol -run r on e such that r(x) € F. 
Definition: Leaf-up deterministic finite automaton on finite L-trees: 


A 2-f.a.f.t. on finite D-trees is a system Of=<S, LD, M, By F >, 


where < S, Z, M, s, > is a d-J-table, and F © S:isithacet of atesignated 


0 
states, 
2-f.a.f.t. Of accepts finite D~tree e = (v,E,) if there exists 


an O([-run r on e such that r(x) € F. 


Definition: Root-down nondeterministic finite automaton on finite D- 
trees: 

A 3-f.a.f.t. on finite )-trees is a system O(= <s, D, M, So? F >, 
where <S, XD, M, 8 > is an n-S-table, and F © § is the set of designated 
states. 

3-f.a.f.t. O[ accepts finite Y-tree e = (v,E,) if there exists 


an Q(-run r one such that r(Ft(E,)) SF. 
Definition: Root-down deterministic finite automaton on finite D-trees: 


A 4-f.a.f.t. on finite )-trees is a system Q[= <S, ZX, M, By> F >,- 
where <S, D, M, 8) > is a d-S-table, and F © S is the set of designated 


states. 


ie 


4-f.a.f.t. O[ accepts finite Y-tree e = (v,E,) if there exists 


an Ol[-run r one such that r(Ft(E,)) SF, 


Definition: The set T(Q{) of finite D-trees defined by O(is 


T(OU = {(v,E) | (v,E) is accepted by 07}. 


Definition: A set A& Ys, is i-f.a.f.t. definable if there is an 


i-f.a.f.t. OJ such that T(Q7) =A. 


Note that the above definitions are not as general as you would 
expect. Though the notion of finite tree was defined so that a finite 
tree may have any reot x € T, the above definitions of T(Q7) and Yy 
are in terms of finite trees with root 4. We are forced to consider 
finite trees not rooted at 4 by later proofs in which we find it con- 
venient to look at finite subtrees of a finite tree. However, we follow 
Rabin [9, 10] and Thatcher and Wright [12] (who define finite trees so 
that all of their finite trees have root 4X) by restricting our def- 
initions of T(Q[) and Yo This eliminates several awkward notational 


problems. 


Definition: We say i-f.a.f.t. Ol, is equivalent to j-f.a.f.t. Ol, 

if T(OT,) = T(OT,). 

Definition: We will say i-f.a.f.t. are closed under union (intersection, 
complementation, projection, cylindrification) if for all i-f.a.f.t. on 
D-trees OU» O%. there exists an i~f.a.f.t. Ot, such that T(Ol, ) = 
T(OT,) U T(OU) 
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(intersection: T( OT) = T(OU,) N T( OC,)> 

complementation: T( ey) = Yy - T( O[,)> 

projection: T( OT;) = P, (TC O7,))> where D = uy X Ly? 

cylindrification: T( O13) = u,-~cylindrification of T( O1,)> 
where = Ly» 


respectively). 


Definition: We will say i-f.a.f.t. are equivalent (in defining power) 
to j-f.a.f.t. (denoted i-f.a.f.t. = j-f.a.f.t.) if the family of i-f.a.f.t. 
definable sets is the family of j-f.a.f.t. definable sets. 

We will say i-f.a.f.t. are weaker or equivalent to j-f.a.f.t. 
(denoted i-f.a.f.t. & j-f.a.f.t.) if the family of i-f.a.f.t. definable 
sets is a subset of the family of j-f.a.f.t. definable sets. 

We will say i-f.a.f.t. are strictly weaker than j-f.a.f.t. (denoted 
i-f.a.f.t. C j-f.a.f.t.) if the family of i-f.a.f.t. definable sets is 
a proper subset of the family of j-f.a.f.t. definable sets. 

We will say i-f.a.f.t. and j-f.a.f.t. are incomparable if the family 
of i-f.a.f.t. definable sets is not a subset of the family of j-f.a.f.t. 


definable sets, and vice versa. 


SECTION III FINITE AUTOMATA ON FINITE TREES 


In [12] Thatcher and Wright use both l-f.a.f.t. and 2-f.a.f.t. 
In [10] Rabin uses a finite automata on finite trees model which is 
equivalent to 3-f.a.f.t. (Qn fact, Rabin uses 3-f.a.f.t. restricted as 


indicated in Theorem 3 of this section.) In [9] Rabin defines 2-f.a.f.t. 
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The following theorems establish the closure properties of all our 
models and their relative powers. We do not state the immediate corollaries 
of each theorem. Instead we summarize in Figure 1 all of our theorems 


and their immediate corollaries. 
Theorem 1: Ii-f.a.f.t. = 3-f.a.f.t. 


Proof: Given 3-f.a.f.t. OJ=<S, D, M, s,, F >. Define 3-f.a.f.t. 


0’ 


Ol; =<SU (f,}, Be My» So» (£,) >, where for all s,, s,, s, € S, 


er 

and allo € &, (S55 83) € M,(s,. 9) if (s,, s,) E M(s,5 o), 
(£,> 83) €M,(s,, o) if M(s,, 0) M (FX {s,}) #4, 
(sy, £3) € M, (s,; 9) if M(s,, o) Nn ({s,} X F) # ¢, 
(£,> £3) €M,(s,, o) if M(s,, 0) N (FX F) #4, 

and for allo € Y, M,(f,;, 0) = ¢. Clearly, T( O7,) 2 T(QT). For all 


finite )-trees e = (v,E) and all accepting O[,-runs r, on e, we have 


1 
for all x € E-Ft(E), r, (x) € S$ and r(Ft(E)) = (£,}- Hence, by the 


definition of M there exists an Ol-run r one such that for all 


1? 
x € E-Ft(E), r(x) = r, (x), and r(Ft(E)) © F. Therefore, T( O[,) © T(Ol), 
and hence, T(OT,) = T(O[). 


Define 1-f.a.f.t. Of, =<SU(f,),% M, 


85 Ee su {£5}. and all o € X, $5 € M,(s,> s 


fi. {Sp} >, where for 


all S4> So> 9? o) if (s)> s,) 
€ M, (Ss; o). Clearly, T(Of,) = T(OU,), because for every finite L-tree 
e, every Of, -run one is an Of,-run on e and vice versa, and a run is an 
accepting Of, -run iff it is an accepting O[,-run. 


Hence, 3-f.a.f.t. © l-+-f.a.f.t. 
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$30? Fy >. Define 1-f.a.f.t. 


f,) >, where for all Si> 85> Ss, € S35 


Given 1-f.a.f.t. Ol, =< S,> Ly, M, > 


OU, = <8, U £,), E Ms S395 { 


and allo € X, s, € M,(s,, 8, 5) if s, € M,(s,, 8,» 9); 
fy, € M, (s,5 85 
and for all 8) € 84. and allo € XY, M, (£) > 4° o) = M, (8); fi> o) =¢. 


’ o) if M,(s)> S5> o) nN F3 # On 


Clearly, T(OC,) = T( OT,). For all finite D-trees e = (v,E) and all 
accepting O1,-runs r, one, we have r,Q) = f, and r, (E- {43}) S S,- 
Hence, from the definition of M,> if there is an accepting OT, -run on 
e, then there exists an Of,-run r, one such that r, (ZS) € Fy. That is, 
an accepting O(,-run one. Hence, TC OT.) 2 T(OT,)> and therefore, 
T(OC,) = TC OT,). 
‘ . = > 

Define 3-f.a.f.t. OC, < 8, U {f)}5 y M,, fi {849} » where for 

all s $4 € Ss, U {f 


4)? and allo € X, (S5> 84) € M5(s,> o) if 


» Oo). Clearly, T(O1,) = T(Ol,), because for every finite 


1’ So? 
8) € M, (Sos S4 
drtree e, every Ol, -run one is an Of,-run on e and vice versa, and 


a run is an accepting O(,-run iff it is an accepting Of,-run. 


Hence, 3-f.a.f.t. 2 1l-f.a.f.t. oO 


The constructions of ot, and 1, in the preceding proof immediatly 


give the following theorems which we state without further proof. 


Theorem 2: Given any 1-f.a.f.t. Ofon finite D-trees, we can determine 


an equivalent i-f.a.f.t. Ot, =< Si> L, M 


(8y-C£)) x (S,-(£,}) x D> PS,). 


S49? {f,} >, where M 


1? i 
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Theorem 3: Given any 3-f.a.f.t. Ofon finite D-trees, we can determine 


an equivalent 3-f.a.f.t. oO, 


(S,- (£,}) xu P(S, x S,)- 


=e< Si> bas M,> S40? (£4) >, where M,: 
It is easily shown that Theorem 2 does not hold for 2-f.a.f.t.'s, 

and Theorem 3 does not hold for 4-f.a.f.t.'s by showing that 

B, = {(v,E) € Yro y | v(E-Ft(E)) = 1 or v(E-Ft(E)) = 0} is both 2-f.a.f.t. 
and 4-f.a.f.t. definable, but that no 2-f.a.f.t. nor 4-f.a.f.t. with only 
one designated state defines Bie 
Theorem 4: 1-f.a.f.t. = 2-f.a.f.t. 

Proof: Every 2-f.a.f.t. is a l-f.a.f.t. . Hence, we have immediately 


2-f.a.f.t. S l-f.a.f.t. 


Given 1-f.a.f.t. Ol=<s, D, M, Sy» F >. Define 2-f.a.f.t. 


Ot, =< P(S), X, M)> {8}. Fy >, where for all A,; 4, © S, and all 


cEL, M (4), 4), 9) = ([8, | @ 8, €4,)@ s, €24,)(s, € M(s,, 


In 


85, 5))}}, and F, = (408 |2 9 F # g}. 
We prove by induction that for every finite L-tree e = (v,E), the 


OU ,-run r, one is such that 


(I) (We EE) ry(x) = U {r(x)} . 
r€Rn(OT ,e) 


Basis of the induction: For all r € Rn(O[,e), and all x € Ft(E), we 


have r(x) = 89: We also have for all x € Ft(E), r, (x) = {So} - 
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Induction hypothesis: For some x € E-Ft(E), r,(x0) = WU  {r(x0)} and 
1 
r€Rn( Ol ,e) 
rj) = Ui (r(xb} 
r€Rn( 07 ,e) 
Induction step: By the definition of O7-run for all r € Rn( 07 ,e), we 


have r(x) € M(r(x0), r(x1), v(x)). By the definition of My we then have 
r(x) = M(x, (x0), r,(x1), v(x)) = {s |(3r € Rn( OT, €))(s € M(r(x0), 


r(xl), v(x))} = U {r(x)}. This completes the induction. 
r€Rn( OT ,e) 


Suppose e € T(OT,)- Then the O[, -run r, one is accepting, i.e., 
r, (4) € F- By the definition of F, and by (I) there is an O(-run r on 
e such that r(43) € F. That is, r is an accepting Ol[-run, and e € T(O1). 

Suppose e € T(Q{). Then there is an accepting O(-run r one, i.e., 
r(@s) € F. By (I) r(4@) € r, 4), where r_ is the Of_-run on e. Hence, 


1 1 


by the definition of Fy> r, (2) € Fy> and hence, r_, is an accepting 


1 


OT, -run one. Therefore, e € T(OT,)- oO 


Theorem 5: 3-f.a.f.t. are closed under union and projection. 


Proof: The constructions will be indicated. The reader may easily 


complete the proofs. 


Given 3-f.a.f.t.'s Ol, = <8), 2, My» 849) F, > and Nn, =<5,, 
Z, My» 8552 F > 

Define 3-f.a.f.t. Ol =< S) U S, U {85} > Ly M, Sy? Fy U Fy >, where 
for all 8,> 8, € s, U So. and allo € Xd, (s)> s5) € M(sp5 o) if 


(S45 s,) € M, (849> o) or (s)> S,) € My (S592 o), for all 81> Sos 83 € Sy» 
and allo € X, (sy> 85) € M(s,; o) if (8,5 85) € M, (84, o), and for all 
81> S55 85 € Sy. and allo € X, (S15 85) € M(s4, o) if (sj> 85) € M, (S45 o). 
TOU) = TOT) U T(07,). 
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Given 3-f.a.f.t. Ol, = <8, Yr, Mas 


845? F, >. Define 3-f.a.f.t. 
Ol, Se S45 x, Ms B40 F, >s where for all s € S45 and allo € X, 
M, (8, o) = » M,(s, (o)> o)). T(OT,) 7 PyT(O[,)- 
1 


l-f.a.f.t. may be shown to be closed under union and projection 
by the obvious constructions corresponding to those in the preceding 
proof. Since we have i-f.a.f.t. closed under union and projection as 
an immediate corollary of Theorems 1 and 5, it is unnecessary that we 


do these constructions. 
Theorem 6: 3-f.a.f.t. and 4-f.a.f.t. are closed under intersection. 


Proof: The construction will be indicated. The reader may easily 


complete the: proof. 


Given 3-f.a.f.t.'s (4-f.a.f.t.'s) a, =< Si> Ly, M > and 


1 "10° Fy 
=< 
OT, 8» », My» S599 Fy >. 


Define 3-f.a.f.t. (4-f.a.f.t., respectively) 01, S18 % Sus a, 


1 2 


M S59)? F, X F, >, where for all 81> 83> 8. € S\> all s.,s 


5° (Si? 1* “2 3 2 
86 € S,» and allo € XY, ((835 8,)> (S55 8,)) € M,((8,, 85)» o) if 


4? 


(S3> s.) € M,(s,> co) and 
(s,5 86) € M,(8,; oO). 


T( O[,) = TCO1,) 9 T( OT,). : 
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1 X Sp 2s My» (8492 859)> 


» and 85 are all as in the preceding proof, and 


Note that 3-f.a.f.t. Ol, =<§ Fe > where 


Ss So» x, M 


5? F109 
= (Fy x s.) U (Ss, x Fy)» is not necessarily a union machine for Ol, 


LV 
¥6 
and 1, - In general, T( OT.) = T(Ol,) U TC O,)> where A > B indicates 
A 2B and A # B. 

Note, also, that the cross product construction does yield a union 


machine for the leaf-up models. That is, given l-f.a. f.t.'s (2-f.a.f.t.'s) 


=<§ =<. ; 
O, 7? 2+ My» S99, FL > and OT, = @Sg, Ey My, Sgqs Fy > 


Define 1-f.a.f.t. (2-f.a.f.t., respectively) O, =< s, X Ses x, M,> 


> F >; 3 3 > 
(Soo, S50) 9 where for all 81> 83> 85 9? 84> 8% 


and allo € X, (35> s,) € My ((s4> 8). (Ss. S,)> o) if 8, € MA (8,5 8.5 o) 


€ S55 alls € Sa> 
and 85 € My (8, Bg? o), and Fy = (S. x Fg) U (Fo Xx S,)- TC O,) = 
T( Ol) UT(OYg)- 

The reader is urged to thoroughly consider the differences between 
root-down and leaf-up automata which the two preceding observations 


indicate. 
Theorem 7: 3-f.a.f.t. and 4-f.a.f.t. are closed under cylindrification. 


Proof: Given 3-f.a.f.t. (4-f.a.f.t.) 0J=< 5S, D, M, s,, F>. Define 


0’ 


3-f.a.f.t. (4-f.a.f.t., respectively) OT, =<5§, x Xx ZX. M 0? F >, 


aa 
where for all (o)> o.) € z, x 2X» amd alls € S, M, (s, (c,> o,)) = 


M(s, o,)- T(O7,) = the u,-cylindrification of T(O{). 
OD 
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Claim 1: T( OT) = tp - T(O()- 
Proof: For each s € S, define 3-f.a.f.t. OT, = <S, Z, M, s, F>. 

Consider a finite D-tree e = (v,E). 

First we state and prove Lemma 1, then we use Lemma 1 to show that 
if e ¢T(Q() thene € T(Of,)- Then we state Lemma 2 (which is the 
contrapositive of Lemma 1) and Lemma 3 (which is immediate from Lemma 2), 
and we use Lemma 3 to show that if e € T(O[) then e ¢ T(OT,)- 

Note that the following definition and Lemmas 1, 2, and 3 are all 
stated with respect to the finite d-tree e. 
if [Vr ¢€ Rn( OT, (v, EN tS) SE CRECS nN TY) $F]. For Q&S and y€ E 
% we will say that Condition 1 holds for 4 at y iff for alls EA, 


Condition 1 holds for s at y. 


Lemma 1: For all s € S and all y € E - Ft(E), if Condition 1 holds for 
s at y, then for all (s1> s,) € M(s, v(¥)), either 1) Condition 1 holds 


for s, at yO, or 2) Condition 1 holds for s 


1 at yl, or both 1) and 2). 


2 
Proof of Lemma 1: Suppose Lemma 1 is false. Then for some s € S and 
some y € E - Ft(E), Condition 1 holds for s at y, and there exists 


(s,> 85) € M(s, v(y)) such that Condition 1 does not hold for s, at y0 


1 
and Condition 1 does not hold for 85 at yl. Hence, [Gr € Rn( OT. ’ 
1 


(v, EN Tyo) (ert nN Ty)? SF), and [Wr € BaCOts.? (v, EN Ty) 


(r(Ft(E N Ty) © F). But then clearly, [Hr € Rn( O{ ,> (v, EN 7) 
(rCFt(E NA Ty) © F); amd this contradicts the assumption that Condition 1 


holds for s at y. Therefore, Lemma 1 is true. 
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We proceed with the proof of Claim 1. 
Suppose e ¢ T(0(). We use Lemma 1 to construct an accepting Of, -run 


r, one inductibely as follows. 


1 

Induction hypothesis: 

1) For all y € E-Ft(E) such that r,(y) has been defined, we have 
Condition 1 holds for r,&) at y. 

2) For all y € E-Ft(E), a) r, (v0) has been defined iff rt, (v1) 
has been defined, and 6b) if r, (yO) has been defined, then 
(r,(y0), r, (yl) € M(t, (y), v(y))- 


3) For all y € Ft(E), if r,(y) has been defined, then r,(y) € Fi: 


Clearly, clauses 2) and 3) of the induction hypothesis will insure 
that r, is an accepting Of, -run on e. 
Basis: r, (2) = {Sp} - 


Since e ¢ T(0{), the induction hypothesis holds after the basis step. 


Induction step: We assume v is defined at y € E-Ft(E) and extend Ty) 
to yO and yl by defining r, (y0) and r, (yl) to be the sets containing only 
those states explicitly put into them by the following. 
Case 1: yO € Ft(E) and yl ¢ Ft(E). 

For all (sy> 85) € M(r,(y), viy)), if Condition 1 holds for 8) at 


yO, then put 8) into r,(y0), else put s, into rd. 


2 
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Clearly from the definition of M,> we have (x, (yO), r, (7) €E 
M, (rj (y), v(y)). Clearly from the construction of r,(y0), Condition 1 
holds for r, (y0) at yO; and by clause 1) in the induction hypothesis and 


Lemma 1, Condition 1 holds for r, (yl) at yl. 


Case 2: yO € Ft(E) and yl ¢ Ft(E). 
For all (845 85) € M(r,(y), v(y)), if 8) ¢ F, then put s) into 
r, (v0), else put 85 into rj(y)). 
Clearly from the definition of M > we have (x, (v0), r,(y1)) € 
M(x, (y), v(y)). From the construction of r, (yO), we have r, (v0) N F= 4, 


and hence, from the definition of F, we have r, (y0) < Fy. For all 


1 
s € F, Condition 1 does not hold for s at yO. Hence, by clause 1) in 
the induction hypothesis and Lemma 1, we have Condition 1 holds for 


r, (yl) at yl. 


Case 3: yO ¢ Ft(E) and yl € Ft(E). 


Symmetric to Case 2. 


Case 4: yO € Ft(E) and yl € Ft(E). 
For all (8,> 85) € M(r,(y), v(y)), if 8) ¢ F, then put 8) into 


r,(y@), else put 85 into r,(yl). 


Clearly from the definition of M,> we have (r, (yO), r, (yl) € 
M,(t,(y), v(y)). Suppose that for some (81, 85) € M(r,(y), v(y)), we 
have 8) € F and So € F. But then we have immediately that Condition 1 


does not hold for some s € ry) at y, and this contradicts the induction 


“ 
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hypothesis. Hence, if 8, € F, then 85 ¢ F, and by construction 


r,(y0) N F =@ and r, (yl) . F=@. Hence, by the definition of F,, we 


1? 
have x, (0) € Fy and r, (yl) € Fie 
This completes the induction. 


By clauses 2) and 3) of the induction hypothesis r, is an accepting 


1 
OL, -run one. Therefore, if e ¢ T(O[), then e € T( O1,): 

Lemma 2: For all s € § and all y € E-Ft(E), if Condition 1 does not 

hold for s at y, then for some (sy > s,) € M(s, v(y)), Condition 1 does 

at yl. 


not hold for s, at yO, and Condition 1 does not hold for s 


1 2 


Proof of Lemma 2: Lemma 2 is the contrpositive of Lemma 1. 


Lemma 3: For all ry € Rn( O[,> e), and all y € E-Ft(E), if Condition 
1 does not hold for r,(y) at y, then either 1) Condition 1 does not hold 
for r, (y0) at yO, or 2) Condition 1 does not hold for r, (yl) at yl, 


or both 1) and 2). 


Proof of Lemma 3: Immediate from Lemma 2 and the definition of M,- 


We proceed with the proof of Claim 1. 

Suppose e € T(O{). Then Condition 1 does not hold for So at A. 
Hence, by induction using Lemma 3, we have for all ry € Rn( OT v (v,E)) 
there exists a y € Ft(E) such that Condition 1 does not hold for r, (y) 
at y. That is, r,(y)  F #4, and hence, r4(y) ¢ Fy> and vr is not 


an accepting OT, -run. 
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Therefore, if e € T(Q({), thene ¢ TC OT,)- This completes the 


proof of Claim 1. 


0 


Theorem 9: 4-f.a.f.t. are not closed under union, projection, or 


complementation. 


Proof: First we show that 4-f.a.f.t. are not closed under union. 


Let B, = {e,, en)» where e, = (v)> E), e, = (v5; E); E= {M, 0, 1, 


2 


00, 01, 10, 11}, and vy and Vo 


Bee aS 
ow -,. re Po 


are given by the following pictures: 


Suppose 4-f.a.f.t.0T=<S, {0,1}, M, So? F > defines Bo: Let 


r, and r, be the unique O{-runs on e, and e,, respectively. Consider 


1 2 1 2? 


= (v4; E) where v, is given by the following picture: 


3 


Clearly, the unique O(-run on e, is given by the following picture: 


r, (AN) = 1, (A) =s 


r, (00) r,(01) r, (10) r, (i) 
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Since r, and r, are both accepting O[-runs, we have {r,(00), r,(01), 


r, (10), r,(1)} © F, and e, € T(Q{). But e, ¢ B, and contrary to 


2 
assumption T(Q]) # By. Hence By is not 4-f.a.f.t. definable. 
Let B3 = fe,}- B, is defined by 4-f.a.f.t. OT, =< {Sp> 81> 85> 
f, R}, {0,], M> So: {f} >, where M, is given by the table: 
M, 0 1 
85 (81> s,) (R, R) 
| (R, R) (f, f£) 
8, (£, £) (R, R) 
f (R, R) (R, R) 
R (R, R) (R, R) . 
Let By = {e,}- B, is defined by a 4-f.a.f.t. symmetric O.- 
By = B, U B, is not 4-f.a.f.t. definable. Thefefore, 4-f.a.f.t. are 


not closed under union. 


Let Be = fe,» es}. where e, = (v,, E), e. = (ve, E), E is as 


5 


before, and vy and Ve are given by the pictures: 
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B, is defined by 4-f.a.f.t. OT, = <{89, 8,> 8, f, R}, {0,1}, M, 
So» {f} >, where M, is given by the table: 
My 00 o1 10 11 
al (84> So) (85> 84) (R, R) (R, R) 
8) (R, R) (R, R) (f, £) (R, R) 
85 (£, f) (R, R) (R, R) (R, R) 
f£ (R, R) (R, R) (R, R) (R, R) 
R (R, R) (R, R) (R, R) (R, R) 


By = p15. is not 4-f.a.f.t. definable. Therefore, 4-f.a.f.t. are not 
closed under projection. 

Let Be = ((vgs E,) € Yeo. | (Wx € E,-Ft(E,))(v,(x) = 0)}. Then 
¥ro,1) 36 (0, | (dx € E-Ft(E))(v(x) = 1}. B, is defined 
by 4-f.a.f.t. Ot, =< {85 R}, {0,1}, M3» 8); {85} >, where M, is given 


= {(v,E) € ¥ 


by the table: 


My 0 1 
ad) (855 So) (R,; R) 
R (R, R) (R, R) ‘ 


Suppose 4-f.a.f.t. Ol, defines Y {e,> e,) cy -B,. and 


{0,1} "6° {0,1}7°6 


hence there exist accepting O] 47runs on e, and eo° By the same argument 


used for 1, there must then be an accepting Of -run on e.,, and es € 


T( O1,)- But e, € Bes and hence, contrary to our assumption T(OT,) # 


-B.. Therefore, 4-f.a.f.t. are not closed under complementation. 


Y 
{0,1}" 6 
0 
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Theorem 10: 3-f.a.f.t. > 4-f.a.f.t. 


Proof: Every 4-f.a.f.t. is a 3-f.a.f.t.. Hence, we have immediately 


3-f.a.f.t. 2 4-f.a.f.t. 


Let the set B, be as defined in the previous proof. Bo is defined 


2 
by 3-f.a.f.t. OL =< {852 81> So» f, R}, {0,1}, M, By: {f} >, where M 


is given by the table: 


M 0 1 
85 (8)> 85) (R, R) 
. (85, 81) 
8) (R, R) (f£, £) 
85 (f, £) (R, R) 
f (R, R) (Rs. R) 
R (R, R) (R, R). 


By the proof of Theorem 9, Bo fs not 4-f.a.f.t. definable. 


Oo 


Theorem 11: There exists a procedure which given any 3-f.a.f.t. 
with n states decides whether or not T(O]) = ¢ in — or fewer 


computational steps. 


Proof: Given 3-f.a.f.t. on D-trees O( = <S, Z, M, Sy» F >, we first 
form the 3-f.a.f.t. on {0}-trees oT, =< 5S, {0}, M,> Sy? F >, where 
for all s € S, M, (s, 0)= U Ms, o). Clearly, T(Q@() =@ 1££ 


o€h 
Tt OT,) = 6. 
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For each s € S, define 3-f.a.f.t. O[, = <S, {0}, M, 8, F>, 


where S, M., and F are as above. Let R denote the set of s € § such 


1 
that there exists a finite tree E # {4\j and an O[ ,-run r: ES such 


that r(Ft(E)) © F. (Remember that for every OC -run r, we have r(A) = 


s.) Wé compute R recursively as follows: 


2) for i<o, Hy, =H, U (8 (@s,) (Gs,)[(s)> s,) € (8, 0), 


itl 
{s,, 8} SH, UF]. 


H, © 


Hap a aay 
=R. Given Hy, 


for all i<w, and if H, = 
k<w, Since H, © S, we are assurred that a =H 
the calculation of Hoy requires at most n’ steps since c(i, ) <n. That 


is, for each pair (3), 85) such that {s 9} S H U F we look at a 


aaa 
previously constructed table to find all s € S such that (S45 85) E 
M, (s; 0). Hence, the calculation of R takes at most ne steps. 


TCO) #6 iff s € R. o 


The above procedure is an appropriate simplification of a procedure 
presented by Rabin in {10]. The informal notion of computational step 
used above is the one used by Rabin in [10]. 

In summary, the root-down nondeterministic finite tree automaton 
model is trivially equivalent to the leaf-up nondeterministic finite tree 
automaton model. The leaf-up nondeterministic finite tree automaton model 
is equivalent (by the subset machine construction) to the leaf-up deter- 


ministic finite tree automaton model. These automata models are all 


ee OG 


eo ae pee 
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closed under union, intersection, complementation, projection and 
cylindrification. The root-down deterministic finite tree automaton 
model is strictly weaker than the above, and is closed only under 


intersection and cylindrification. 


l-f.a.f.t. = 2-f.a.f.t. = 3-f.a.f.t. D4-f.a.f.t. 
3-f.a.f.t. 4-f.a.f.t. 
union closed no 
intersection closed closed 
complementation closed no 
projection closed no 
cylindrification closed closed 


FIGURE 1 
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CHAPTER II 


Finite Automata on Infinite Sequences 


SECTION I INTRODUCTION 


In 1960 Buchi [1] was the first to use finite automata on infinite 
sequences to obtain a decision procedure for a theory. This theory 
was the monadic second-order theory of one successor function. In 
1966 McNaughton [5] proved his important fundamental result, the 
equivalence of the deterministic and nondeterministic variations of a 
finite automaton model on infinite input sequences. 

As in Chapter I we do not state the immediate corollaries of each 
theorem. Instead, we summarize our theorems and their immediate 


corollaries in Figure 2 of section 7. 


SECTION II DEFINITIONS 


Definition: T, =1. 
The mapping ¢: T) + W such that 1” b n is a one-to-one corres~ 
pondence between Ty and MW , Hence, we sometimes use # for T) and 


[T] for (4, 1, 11, ..., 174, + <u. 
* 
Definition: A 2 -sequence on a finite alphabet © is a mapping 
w: {A , 1, 11, ..., 17 +2, tT <w (or equivalently, w: [T+1] + X). 


* * + ox 
& is the set of all D -sequemes. DL = 2 -{A}. 


23s 


Ww 
Definition: A  -sequence on a finite alphabet © is a mapping 


vit, x (or equivalently, v: #{ ~ 2). 


We formally defined both finite and infinite sequences as mappings. 
However, because it is very convenient to use concatenation, we will 
refer to finite and infinite strings of symbols on » as > -sequences 
and ED -sequences, respectively, and we will refer to  -sequences and 
SD eeauensed as strings of symbols on ©. For example, x = 001 is the 


* 
{0,1} -sequences x: [3] + {0,1}, where x(0) = 0, x(1) = 0, and x(2) = 1. 


* 
Definition: A regular event is any set AS Y which is finite automata 


definable. 


We will denote a Y seeqitnc’ by x, or y, or w, or x, Hence, if 
A is a set of finite strings on L, we use A to denote the set of all 
finite strings obtained by concatenating finitely many members of A. 
If x, y€ s, xy is the concatenation of x and y. We will denote a 
regular event by a, B, or y. We will denote a symbol in the alphabet 


x by o, or o,- We will denote a D'~sequence by v or v.. 


+ 
Definition: If E&Y then we denote by E- the set of all ¥-sequences 
obtained by concatenating members of E infinitely many times. That 


is, EY = (1X5 vee Kee | for allic fy , x; € E}. 


7 * + ) 
Definition: If ES Y and F ©, then the set E*F = {xev | xE€E 


and v € F}. 
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Definition: A set R&D is an Weregular event if there exist regular 
* + 
events E,> 3 Stage oss Fy» eases FY such that 1) Ey ©, and F, ct, 


for all i, 1s i<n, and 2) R = s) E,‘F, 
i=1 


Definition: For a mapping +: A 7B, In(h) = {b | b€éB, se a) = W}. 
Definition: A mapping r: W +s is l-accepting with respect to F © S if 
(dt) r(t) € F. 


A mapping r: WS is 1'-accepting with respect to F © S if 


(Wt) r(t) € F. 


tn 


A mapping r: §&/S is 2-accepting with F ¢ S if 
In(r) N F # ¢. 
A mapping r: WS is 2'-accepting with respect to ¥ © P(S) if 
(SF € ¥) In(r) © F. 
A mapping r: WS is 3-accepting with respect to ¥ S P(S) if 


In(r) € &. 


A mapping r: /“W> S is 4-accepting with respect to ~£L = CR, Ci) sey? 


where for all i <n, R, © &, G, © S, if for some i <n, 


In(r) R, = ¢ and In(r) G, # ¢. 
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In speaking it is often convenient to indicate that a run is 2- 
accepting by saying that it "accepts infinitely often", to indicate 
that a run is 2'-accepting by saying that it "eventually always accepts", 
and to indicate that a run is 3-accepting by saying that "the set of 


states entered infinitely often is a designated subset". 


Definition: An n-table on D is a system Tt’ = < 5S, LY, M, So >, where S 
is the finite state set, Dis the finite alphabet set, M: S xX D7 P(S)- 


{6} is the state transition function, and s, € S is the initial state. 


0 


Definition: A d-table on LY is an n-table such that M: S x 2 {{s} 


s € §}. 


* 
Definition: An §M'-run on input w¢€ 2, w: [tT] #2, T <0, is any 


mapping r: [ttl] + S such that 1) r(0) = s,, and 2) for all t <T, 


0 
r(ttl) € M(r(t), w(t)). 

Definition: For any T < 0, any D’-sequence v, and any table MM! = 

<s, L, M, So >, a mapping r: [tT] + S is called compatible with TM and 


vif 1) r(0) =s,, and 2) for all t <7, r(t+l) € M(r(t), v(t)). 


0’ 
Definition: An Wt'-run on input v € x is any mapping r: (NW +S which 


is compatible with table ™' and v. 
We, also, talk about an trun of an automaton Jt on a sequence v(w) 


meaning an Tt'-run of the associated n(d)-table M™'. The set of all 


Yeruns on v(w) is denoted Rn(@M,v) (Rn(@M,w)). 
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Nondeterministic (deterministic) finite automaton on finite sequences 


is abbreviated n.f.a.f. (d.f.a.f.). 


* 
Definition: An n.f.a.f. (d.f.a.f.) on © is a systemM=<S, U, M, 


F >, where < S, D, M, s, > is an n-table (d-table), and F © S is 


gg 0 
the set of accepting states. 

f.a.f. M accepts w: [tT] +L, T < Ww, if there exists an Jtrun r on 
w such that r(T) € F. 

The n.f.a.f. and d.f.a.f. are the familiar finite automaton models 
of conventional finite automata theory. 

Nondeterministic (deterministic) finite automaton (on infinite 


sequences) is abbreviated n.f.a. (d.f.a.). 


Definition: A l1-n.f.a. (l-d.f.a.) on D isa system M=<S, h, M, 


0 > is an n-table (d-table), and F © S is 


the set of designated states. 


Sg F>, where <S, D, M, s 


1l-f.a. M accepts v if there exists an trun on v which is l-accepting 


with respect to F. 


Ww 
Definition: A i'n.f.a. (1'-d.f.a.) on L is a systemMJ=< S, Z, M, 
So? F >, where < S, X, M, So > is an n-table (d-table), and F © S is 
the set of designated states. 


l'-f.a. M accepts v if there exists an Jtrun on v which is 1'-accepting 


with respect to F. 
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Definition: A 2-n.f.a. (2-d.f.a.) on oe is a system M=< S, LZ, M, 


F >, where <S, L, M, s, > is an n-table (d-table), and F © S is 


So? 0 


the set of designated states. 
2-f.a. M accepts v if there exists an M-run on v which is 2- 


accepting with respect to F. 


Definition: A 2'-n.f.a. (2'-d.f.a.) on > is a system M=< 5S, ZL, M, 


¥ >, where < S, ¥, M, s, > is an n-table (d-table), and % © P(S) 


89° 0 


is the set of designated subsets. 
2'-f.a. Tt accepts v if there exists an Tt+run on v which is 2'- 


accepting with respect to #. 


Definition: A 3-n.f.a. (3-d.f.a.) on 2a is a system M= <S, DY, M, 


#% >, where <S, L, M, s, > is an n-table (d-table), and # © P(S) 


So? 0 
is the set of designated subsets. 
3-f.a. M accepts v if there exists an Drun on v which is 3- 


accepting with respect to #. 


Definition: A 4-n.f.a. (4-d.f.a.) on Dik is a system TM =< S, YZ, M, 


0 > is an n-table (d-table), and Q = 


((R, » Co ien for all i <n, R, cs, CG. © §,.are the subset pairs. 


8y> Q >, where < S, 0, M, s 


4-f.a. M accepts v if there exists an run on v which is 4- 


accepting with respect to . 
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Definition: An t-th partial run of n-table (d-table) It! = <sS, 2, M, 
So >on v is any mapping ri: [t+1] 4 S such that 1) v(t) = So? and 
2) for all i € [t], r. (1) € M(r, (i+), v(i)). 

Note that for any table M' and any D -sequence v, the O-th partial 


run is the mapping r (0) = So» where 85 is M 's initial state. 


Definition: A mapping p: [tT] 4S, T SW, is C-compatible with table 
w 
M and D -sequence v if for all t € [tT], there exists Tr. a t-th partial 


M'-run on v, such that r,(0) = p(t). 


Definition: A M'-C(compound)-run on v is any mapping r: “VW 4S which is 


C-compatible with M' and v. 


We will, also, speak of an i-th partial Ttrun and an JeC-run of a 
finite automaton Tt meaning an i-th partial Jt'-run and an M'-c-run, 
respectively, of the associated n(d)-table M'. The set of all i-th 
parital runs of Mon v is denoted P-Rn@, v fi]). The set of all 


M-C-runs on v is denoted C-Rn(M, v). 


Definition: A 1C-n.f.a. (1C-d.f.a.) on y is a system M=<S, D, M, 


F >, where <S, D, M, s, > is an n-table (d-table), and F&S§ is 


89° 0 
the set of designated states. 


lc-f.a. M accepts v is there exists an M-C-run on v which is 


l-accepting with respect to F. 


Definition: A 1'C-n,f.a. (1'C-d.f.a.) on 7 is a system™M=< 5S, L, M, 


So F >, where <S, D, M, Sy > is an n-table (d-table), and F © S is 


the set of designated states. 


-40- 


1'C-f.a. M accepts v if there exists an I+C-run on v which is 


L'-accepting with respect to F. 


Definition: A 2C-n.f.a. (2C-d.f.a.) on is a systemM= <5, 5, M, 


89> F >, where < S, », M, s, > is an n-table (d-table), and F © S is 


0 
the set of designated states. 
2C-f.a. M accepts v if there exists an Il-C-run on v which is 


2-accepting with respect to F. 


Definition: A 2'C-n.f.a. (2'C-d.f.a.) on > is a system M=< S, D, M, 


¥ >, where <S, 4, M, s, > is an n-table (d-table), # © P(S) is 


So? 0 
the set of designated subsets. 
2'C-f.a. J accepts v if there exists an J+C-run on v which is 


2'-accepting with respect to F. 


W 
Definition: A 3C-n.f.a. (3C-d.f.a.) on DY is a systemMt=<S, DY, M, 


& >, where < S, LU, M, s, > is an n-table (d-table), and # © P(S) 


Sq? 0 


is the set of designated subsets. 
3C-f.a. M accepts v if there exists an Jt-C-run on v which is 


3-accepting with respect to %. 


Definition: A 4C-n.f.a. (4C-d.f.a.) ont ae a system Tt= <S, LY, M, 


s., Q>, where <S, >, M, s. > is an n-table (d-table), and Q = 


0’ 0 
; = c jee. 
((R,> Ci) sey for all i <n, R, cs, G; S, are the subsets pairs 


4C-f.a. MN accepts v if there exists an Jt+C-run on v which is 


4-accepting with respect to 1. 


«hile 


Definition: For mappings M,: A, 7» BL and M,: A, > B,, the mapping 


ae 2” "2 


$ »> i = 
M, 4 M,: A, 4 A, By x Bo is defined M, x M, ((a,> a,)) (M, (a), M,(a,))> 


for all (ays a,) € A, x A,. 

Definitions of Pp, (A) where AG (a, x py a uy -cylindrification of 
BG¢ ae Ts; irf.a. definable, i-f.a. TM equivalent to j-f.a. Ty > 
i-f.a. closed under union, intersection, complementation, and projection, 
i-f.a. equivalent j-f.a., etc. are obtained by suitably modifying the 
corresponding definitions of Chapter I (i.e. by replacing (v,E) by v, 
and Yp by D’). 

As in the preceding definitions, we will write i-f.a. only where 
both i-n.f.a. and i-d.f.a. could be written. That is, where every 
occurrence of i-f.a. may be wepkaced by i-n.f.a., or every occurrence 
of i-f.a. may be replaced by i-d.f.a. 

In [3] Hartmanis and Stearnssstudy 1'd.f.a. In {4] Landweber 
investigates l-d.f.a., i'-d.f.a., 2-d.fia., 2'-d.f.a., and 3-d.f.a. 
In [5] McNaughton uses 3-d.f.a. and 3-n.f.a., and the important consturction 
he uses to prove 3-d.f.a. = 3-n.f.a. suggests the notion of a 4-accepting 
run. In [8] Rabin uses the notion of 4-accepting in his notion of dual 
acceptance, and in [7] Rabin uses the notion of 4-accepting run. In 


{1] Buchi uses 2-n.f.a. 
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SECTION II.I CONSEQUENCES OF M: S xX £ ~~ P(S) -(} 


The preceding definitions specify that a-nondeterministic automaton 
has a state transition function M: S x D ~+ P(S) - {¢}. The usual 
definition of a nondeterministic automaton allows all state transition 
functions M: S X [+ P(S). That is, the usual definition allows for 
there to exist state, input symbol pairs for which there are no tran- 
sitions. Hence, there can be nondeterministic automata which have no 
runs on certain strings on their input alphabets. These strings are 
rejected because no accepting run on them exists. For finite automata 
on finite strings this causes no problems. In fact, by adding a non- 
accepting "trap" state one can easily obtain an equivalent finite 
automaton on finite strings with state transition function M: S x 174 
P(S) - {9}. 


However, on infinite input sequences if all state transition 


functions M: S x 27+ P(S) are allowed, then we get as a theorem I-n.f.a. 
2'+n.f.a. In fact, we have the following construction. 

Given 2'-n.f.a. M=< S, L, M, Sy» F >. Define i-n.f.a. T, z=<SU Fp 
be My> Sp» F, >» where F, = FX {a}, for all s € S, and allo € XY, 
M,(s, 9) = M(s, 9) U {(f,a) | £€M(s, o) M F}, and for all (f,a) € Fy 
and all o € D, M,((f,a), 9) = {(£',a) | £' € M(£, o) N F). We have 


TO) = TC). 
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Note that the above construction uses state symbol pairs with no 
transitions in such a way that the essentially finite acceptance 
condition (of hitting an accepting state once) combined with the infinite 
condition of the existence of an infinite run in which this finite event 
occurs imply that there exists an accepting run of the l-n.f.a. on v 
iff there exists a run of the 2n.f.a. on v which satisfys the infinite 
2'-acceptance condition. 

Our feeling that the above is an undesirable quirk is further re- 
inforced when we see that the l-d.f.a., and the 1'-, 2-, 2'-, and 3-n.f.a. 
models are not affected by allowing M: S x D~ P(S). That the l-d.f.a. 
remains closed under projection even when l-d.f.a. and l-n.f.a. are not 
equivalent easily follows from the conventional subset construction for 
obtaining a deterministic automaton from a nondeterministic automaton. 

Therefore, we defined an n-table as we did, and we have Lemma 2 
below which we would not have if we had allowed M: S x 2+ P(S). We 


state Lemmas 1 and 2 without proofs, because the proofs are trivial. 


Lemma 1: For any mapping p: [T] +S, T $ W, compatible with d-table 


ym =<S, %, M, s, > and Y’-sequence v, there exists a unique r € Rn(M', v) 


0 

such that r | [tT] = p. Hence, for MT’, and all v € o. we have c(Rn(@,v)) = 1. 
For any mapping p: [tT] *S, T < ™, C-compatible with TM and v € 

y, there exists a unique r € C-Rn({f', v) such that r {t] =p. Hence, 


for M' and all v € >’, we have c(C-Rn(', v)) = 1. 


TON EE TORRES oe »- 


a eS 


Lemma 2: For any mapping p: [tT] *5S, T < 8, compatible with n-talbe 
m=<S, D, M, 85 > and v € = there exists an r € Rn(M', v) such 


that r | [tT] =p. Hence, for all v € ae we have Rn(™, v) #¢. 


wd 
For any mapping p: [tT] *S, T < &, C-compatible with M' and v € Z 
there exists an r € C-Rn(Ml', v) such that r [t] = p. Hence, for all 


ve y, we have C-Rn(Mm', v) #¢. 


SECTION III USEFUL, INITIAL OBSERVATIONS 


We can immediately make the following observations which we will 
use again and again in the following proofs. 

Every d-table is an n-table so that we have for all i € {1, 1', 2, 
2', 3, 4, Ic, 1'c, 2c, 2'c, 3C, 4C}, i-d.f.a. © i-n.f.a. We won't 
restate this in the following proofs, since we trust that the reader 
will detect when it is :seed without prompting. 

Given 2'-f.a. (3-f.a., 2'C-f.a., 3C-f.a.) M=<S, DY, M, So: 
{F,> sree ly Fi >. For 1<i<k, define 2'-f.a. (3-f.a., 2'C-f.a., 
3C-f.a., respectively) mn, =<S, Z, M, 8: (F} >. Clearly, TM = 
TM,) U TM) U... U TO.) - In Theorems 12 and 13 we show by construction 
directly from the definitions of 2-f.a., 2'-f.a., 3-f.a., 2'C-f.a., and 
3C-f.a. that they are all closed under union. On the basis of these 
observations several of the following proofs are stated for o'af.a, 
(3-f.a., 2'C-f.a., 3C-f.a.) with a single designated subset. We trust 


that the reader will realize that the generalization indicated above is 


implied in such cases. 
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Lemma 3: Given any 1-f.a. on x M we can determine an equivalent 
1-f.a. m, = <S), x, M, > S49? ff} > such that 81 # £, and for all 


o€ x, M(f, 5) = (f}. 


Given any 1C-f.a. on i nT, we can determine an equivalent 1C-f.a. 


ae <di P 
MT, S55 >a My» 840° F, > such that 855 ¢ Fy 


Proof: Immediate from Lemmas 1 and 2 and the definition of 1-f.a. and 
lc-f.a. Note that if cm) is deterministic, then we can make mt 


mt, » respectively) deterministic. o 


Lemma 4: Given any 1'-f.a. on a ®, we can determine an equivalent 


1'-f.a. m, aie 2 U {s}, Z, M)» 8 > such that 819 € Fe and for 


10? *1 
allo € X, M, (8, o) = {s}. 
Given any 1'C-f.a. on >a TM,» we can determine an equivalent 1'C-f.a. 


M, =< Sas >a M,> $39: Fy > such that 835 c Fy. 


Proof: Immediate from Lemmas 1 and 2 and the definitions of 1'-f.a. 
and 1'C-f.a. Note that if M m,) is deterministic, then we can make 


m, Ch, » respectively) deterministic. o 


hee 


SECTION IV EQUIVALENCE OF MODELS 


Our primary intention is to present a clear exposition which, 
hopefully, will speed the beginner's acquisition of a facile, intuitive 
grasp of various notions of a finite automaton running on an infinite 
sequence. Hence, our presentation involves some redundancy. Note in 
particular that many closure properties are proven for both i-n.f.a. 
and i-d.f.a., after we have proven that i-n.f.a. = i-d.f.a. We do this 
because the constructions used work equally well for n.f.a. and d.f.a., 
and we see no reason to hide this sometimes useful fact. However, in 
order to avoid uninformative redundangg, we begin by showing that many 
models are equivalent. Then given a property which we wish to show 
our models have (or fail to have), we can give the proof for the model 
which has the simplest, most informative proof and we get as corollaries 
that all equivalent models have the property (fail to have the property). 
In fact, in some cases (for example, closure of 1'C-f.a., 2'C-f.a., 
3C-f.a. under projection) we do not know how to prove more directly 


what follows easily from the equivalence of models. 


Theorem 1: l-n.f.a. = 1-d.f.a. 


Proof: Given l-n.f.a. M=< 5S, LY, M, So F >. Define 1-d.f.a. mR - 


oh? Fy >, where for all A € P(S), and allo € Z, 


mM(4, 0) =( U M(s, o)}, and F, = (A € P(S) [AN F #9}. 
ste & 


< P(8), D, M, (8 


a ee 


Suppose v € T(@M). Then there exist r € Rn(@, v) and t € W such 
that r(t) € F. By the construction of T> if v is the unique TR, -run 


on v, then r(t) € r,(t). Hence, r,(t) € F,, and v € TO). 


1 
Suppose v € TO): Then there exists 7 € Rn » v) and t € W such 

that r,(t) € Fi: By the construction of M» there exists a mapping 

p: [ttl] + S compatible with M and v and such that p(t) € F. Hence, 

by Lemma 2, there exists r € Rn(it, v) such that r | [t+1] =p. Hence, 

r(t) € F and v € TM. 


Therefore, T(M = TQ); and l-n.f.a. © l-d.f.a. 


D 


Theorem 2: l'en.f.a. = L'edwfia. 


Proof: By Lemma 4, given any 1'«n.f.a. Mwe can determine an equivalent 


| pee =< 
1'-n.f.a. n Fy U {s}, Z, M)> 819° Fy >; where 840 € Fi> and for 


1 
allo € XY, M, (s, o) = {s}. 
Define 1'-d.f.a. R, = <P(F,); Xs My» {849} > Fy >s where for all 
A€e P(F,)> for allo € XZ, M, a) St M (8, o)}, and E 
ay ite . stAL 


Clearly, because the construction of nh eliminated all transitions 


from s into F,, the unique M,-run tT, onv is such that for all t € &, 


Hence, 


r,(t) € Fy iff there is an i -run r, on v such that r,({t]) oF 


1 1° 
: cr. 
tr, (iN) S F, iff there exists ry € Rn, ; v) such that 1 W) F, 


Therefore, T@) = TOR) and l'-n.f.a. © 1'-d.f.a. 
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Theorem 3: 2'-n.f.a. = 2'-d.f.a. 


Proof: (This construction was suggested to me by A.R. Meyer in private 
communication. ) 

Given 2'-n.f.a. M= < 5S, XY, M, Sos {F} >. Define 2'-d.f.a. mn, = 
= P(S) x P(F), 


< Sy: 2: M> s F >, where S 


10’ 1 


$40 . ({89} » (8))}), if 59 € F, 


({S} > 2)» else, 


for all (D, A) € Si> and all o € X, 


M, (QD, A), o) = (D', A'), where D' = M(D, oc) and 
(T) if A= ¢ then A' =D'N F, 
(II) if A#¢¢ then A’ = M(A, o) NM F; and F = ({(@, A) | a # ¢}}. 


Suppose v € TM): Then for the unique Wt -run r, on v we have 
In(r,) S Fj- Hence, (Ar) (VWt)(t s< t > rj (t) € FL); am by (II) in the 
definition of M,> there exists r € Rn(@il, v) such that for all t, 
T<t-+r(t) € F. Hence, In(r) © F and v € TM. 

Suppose v € TM. Then there exists r € Rn(Mt, v) such that In(r) ¢ 


F. Hence, 
(IIT) (Ar) (¥t)(r < t Or(t) € F). 
Suppose there exists t, € W such that 


(IV) (tr <t, & r,(t)) ¢ Fi)» where r, is the unique M-run on v. 


1 1 
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That is, such that r,(t,) = (D, ¢), some DES. Let r, (t,+1) = (D', A'). 
By our construction of n, we have r(t,+1) €D'. Hence, by (III) we 


have D'f) F #¢. Hence, by (I) in the definition of M,, A' = D'N F#@®. 


1? 

Then by (II) in the definition of Mi» and (III) above, we have for all 
os 

t, ty +1st- r,(t) € Fi. Hence, In(r,) Fie and v € TOR). 


Therefore, TOM = TCR) and 2'-n.f.a. S 2'-d.f.a. O 


The above proof shows that there can be at most one time ty defined 
as above. The following is a 2-n.f.a. M, and the 2'-d.f.a. mt obtained 
from Jt by the construction in the proof above. 

2'-n.f.a. M=<{1, 2, 3}, {0,1}, M, 1, [{2, 3}} >, where M is given 


by the diagram: 


Looking at the diagram for M we can construct the state transition 


table for My (For convenience we use parenthesés instead of set brackets.): 


0 1 
8) = (C1), 4) 5, e, 
8, = ((2, 3), (2, 3)) $5 85 
s, = ((1, 2), (2)) 8, s) 
s, = ((1, 3), (3)) 85 5, 
Bip (Cy 5.3)0)) 2 e, 5, 
8, = ((2, 3), (3)) 85 8, 
86 = CLs. 24-3) 5. (25,-3)) Sy Be 
85 = ((1, 2), ) 85 86 
8g = ((1, 2, 3), (3)) = 85 
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2'ad.f.a. m, =< {Sp> er Sa} 5 {0,]}, M> Sy? {{s,> S42 83> S55 


} >, where M, is given by the table above. The state transition 


86? §3} 


diagram for M 


1 


1 with the members of the designated subset of my marked 


as double circles is: 


Q1246 ee 
a) 
accepting Dy -run on 101. Note that (Vt)(3 < t + r(t) € F), where F 


i) i) 
r = 1313 is an accepting T+run on 101. Ey = §.8.8,8,8,.8 is the 


is the designated subset of Tt. But r, (4) = is not in-thesdgsignated 


4 


subset of M- Hence, a time t, as defined in the proof of Theorem 3 


1 


does exist (i.e. ty = 4) for the Ti -run on 101°. 
Theorem 4: 2-n.f.a. = 3-n.f.a. 


Proof: Given 2-n.f.a. M=<S, LZ, M, 8 F>. Define 3-n.f.a. mn = 


#F. >, where Fy = (8, Ss | Fy 1. F#@}. Clearly, 


<8, DM, 89, 


TOR) = 


<5tc 


Given 3-n. f.a. mT, = <5), Ly, M,» S59? (F,} >. Define 2-n.f.a. 
TR, =< 8; D, M5 S59? Fy >, where 84 = s, U (Fy x P(F,)) U {s,}» for 
all s € Sos and allo € d, M,(s, o) 2 M, (8, Oo); forell s € Sy. and 
allo € ZX, if f € M,(s, a) Nf F,. then (£, 6) € M,(8, 6); for all 
f£€F,, alloex, allDs F,, and all £, EM,(£, 0) N Fos Sq € Mi (Cf, D), Oo); 


if D #iF, then (£,, DU (f}) € M((£, D), o), if D= F then (fl £}) € 


2 

M,((£, D), o); for allo € X, 8, € M, (8.5 oc); and oF, =F, Xx {F,}- 
Suppose v € TM). Then there exists ro € Rn@, , v) such that 

In(ro) = F,- Therefore, there exist ty < ty < ty .«-, such that (Vt) 


(ty <t Ary(t) € F,), and for alli cW, ry({t | t<t<ty ye 
Fo» and r,({t | t, <t<t,,,}) = F,- From the definition of M,, there 
exists r, € Rn(l,, v) such that r,({t | t< ty}) © Ss Talty +) = 

(ry (ty + 1), 6), and for all i>0, r4(t; +1) = (ro(t, + 1), Fo) € F5- 


Fy is finite, hence, In(r 5) nN Fy #¢@ and v € TOR,)- 


Suppose v € TM,)- Then there exists ty € Rn@M, » v) such that 
In(r,) qn Fy #¢. From the definition of M3» P1T3 € Rn, , v). We 
easily see the PyT5 is an accepting M,-run on v as follows. There exists 
some (f, F,) € Fy and ty < t, < t, «+e, such that for all ic€é FY, 
r4(t,) = (f, Fy). From the definition of M, for allicW, Pyrg({t | 
t; <st< tia) = Fo: Hence, In(p,T3) = Fo» PiT3 is an accepting M,-run 


on v, and v € T(M,). nO 


=52: 


Theorem 5: 3n.f.a. = 3-d.f.a. 


Proof: This is McNaughton's important fundamental result in [5]. 


McNaughton proved the following theorem. 


Theorem: A set A& al is an W-regular event iff A is 3-d.f.a. definable. 
(We will denote the content of this theorem by 3-d.f.a. = w-regular.) 
Actually McNaughton also shows that every 3<n.f.a. definable set is 

an W-regular event. This coupled with the fact that every 3-d.f.a. 

is also a 3-n.f.a. means that his construction of a 3-d.f.a. to accept 


3ed.f.a. 


an arbitrary W-regular event suffices to show 3-n.f.a. 


Alternative proof: By McNaughton [5] 3-d.f.a. = weregular. By Theorem 
23 2-n.f.a. = W-regular. By Theorem 4 3-n.f.a. = 2-n.f.a. Therefore, 


3-n. f. a. = 3-d. f.a. 
0 


Theorem 6: 4-n.f.a. = 3-n.f.a. and-4ed.f.a. = 3ed.f.a. 


Proof: Given 4-f.a. M=<s, ©, M, 8° ((R; 5 Goce >. For each i, 


0 <i<n, define 4-f.a. mM, =< 5S, XZ, M, So? (R, > G5) >. Clearly, 


TO = Ta) Weave sU TA). By Theorem 12 both 3-f.a. and 4-f.a. 
are closed under union, hence the following suffices. 
Given 4-f.a. N= < 5S, ¥, 89> ((R, G)) >. Define 3-f.a. m™ = 


<sS, Yr, M, s,, ¥ >, where F, = (FOS | FNR=6&FNG # 9g}. 


0? “1 
Clearly, TOM) = TM). Hence, 4-f.a. © 3-f.a. 
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Given 3-f.a. m, =< Sy. pe M,» 859 {F,} >. Define 4-f.a. mM 7 


< 5S, xX P(F,), pie M, > (s ~), OQ, >, where for all s € 85; all fc 


2 20” 
Fy and allo € 2X, if f # Fy then M,((s, f), 0) = {(s', f") | f' 


(f U {s}) N Fy, and s' € M,(s, o)}, if f = F, then M,((s, f), oc) 


yy] 


((s', 6) | s' EM (s, o)}, and Q, = (({(s, f) € 8, x P(F,) | s ¢ 
{(s, F,) | s € 8,})). 


2}? 


Note that if mM, is deterministic then Ti, is deterministic. 
Clearly the above construction is very similar to the construction 
used in the proof of Theorem 4. Having seen this proof we trust the 


reader can easily complete the proof that TM) = TO). Hence, 3-f.a. 


© 4-f.a. 
i) 


-54- 


SECTION IV.I THE C-RUN MODELS 


Professor A.R. Meyer suggested the definition of C-run to me in 
private communication. The notion behind C-run is clearly that of 
successively starting the finite automaton further and further down the 
infinite sequence, running it back to the beginning of the sequence, 
and noting its final state. Then basing acceptance on the sequence of 
final states obtained in this manner. A little thought, perhaps, is 
necessary to convince oneself that the process described above is not 
equivalent to noting the sequence of final states obtained by successively 
running the finite automaton from the beginning of the sequence to the 
end of longer and longer initial segments of the infinite sequence. 
This latter process is clearly just the notion of run used by 1-, l'-, 


---, 4-f.a. . Thus, perhaps, the following results are slightly surprising. 


Theorem 7: IC-n.f.a. = 1C-d.f.a., l'C-n.f.a. = 1'C-d.f.a., 
2Cwn.f.a. = 2C-d.f.a., 2'Cen.f.a. = 2'Ced.f.a., 
3C-n.f.a. = 3C-d.f.a., 4C-n. f.a. = 4C-d.f.a. 


Proof: The following proof may be summed up by saying that the subset 
construction works for this model because the possible I-C-runs on v 
are determined by the possible final states, r, (0), for tr; € P-Rn(M, v | 


fil), i € IN. 
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Given an n-table Tt! = < 5S, ©, M, 89 >. Define a d-table mn, = 


< P(S), ¥, My» {$9} >, where for all 4 € P(S), and allo € XY, 
M, (4 50) ={ U M(s,o)}. (Note that M is constructed from J 


1 
se 
by the standard subset construction of conventional finite automata 


theory.) 


Clearly, for the unique r,, € P-Rn CR, > Vv | [t]), we have 


1t 
(Wr, € P-RnG@M, v | [t]))(r,(0) € ry, (0)), and (Vs € ry (0)) 


(Gr, € P-Rn(iM', v | [t])) (xy, Co) s). Hence for the unique v E c-Rn il, »V); 


t 
we have for all t € IK, 


(I) r,(t) = {r(t) | c € C-Rn@', v)} #4, and 
(II) C-Rn@, v) ={r:/fV 9S | for all t E/N, r(t) € r,(t)} xO. 


Given 1iC-n.f.a. M=< 5S, ¥, M, s,, F >, where < S, 2%, M, So > =i. 


Q’ 


Define 1C-d.f.a. Ty =< P(S), ¥, M, > {So} » F, >, where < P(S), &, M,> 


1 
{89} >=M!, and FL = (48 LAN F ¢ 9}. 

Suppose v € T(M). Then there exists r € C-Rn(M, v) and t € WW such 
that r(t) € F. By (I) and the definition of Fy» r(t) € r,(t) € Fie 
where Ty is the unique TM, -C-run onv. Hence, v & TQ). 

Suppose v € TOM) - Then for the unique ry € C-Rn (Mh, , v) there 
exists a t €/W such that r,(t) € Fie By the definition of Fi» r, (t) a 
F #¢, hence by (II), there exists r € C-Rn(@M, v) such that r(t) € F. 
Hence, v € TQM). 


Therefore, T(M = TOM)» and 1C-d.f.a. = 1C-n.f.a. 
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go? F > where < S, X, M, 89 >=. 


Define 1'C-d.f.a. M = < P(S), x, M> {85} » F, >» where < P(S), X; 


Given 1'C-n.f.a. M=< 5S, Z, M, s 


My, {so} >=™', and F, = (4558 [AN F #9}. 

Suppose v € T(M. Then there exists r € C-Rn(@t, v) such that 
r(W) SF. By (1), for all t €M, r(t) € r,(t) and hence, r,(t) NF=46, 
where Ty is the unique W,-run on v. By the definition of F 
r, (NW) CF Hence, v € TCM) - 


? 
1° 
Suppose v € Ta): Then for the unique Ty € C-Rn (Ml, , v) we have 
rN) SF. Hence, for all t EW, r,(t) . F #6. Hence by (II), there 

exists r € C-Rn@, v) such that R(JN) SF. Hence, v € TM. 

Therefore, T(™® = TO) and 1'Cen.f.a. = 1'C-d.f.a. 
0? F >, where <S, ¥, M, 85 >= mM. 
Define 2C-d.f.a. my =< P(S), %, M,> {Sp}. Fy >, where < P(S), X, M 
{s9) >=M!, and F, = (28 |.2n F #9}. 


Given 2C-n.f.a. M=<S, L, M, s 


Suppose v € T(@M). Then there exists r € C-Rn(M, v) such that 


In(r) 0 F #¢. That is, there exist ty < ty <..., such that for all 


i CW, r(t,) € F, hence by (1) and the definition of Fy rj (t,) € F 


where vy) is the unique M -C-run on v. Hence, In(r,) a) Fy #@ and 


ve TM). 


Suppose v € T(M,). Then for the unique r, € C-Rn@R, » v) we have 


In(r,) nN Fy #6. That is, there exist ty <t. <..., such that for 


1 
alli c@, r,(t;) € Fy> and hence by the definition of Fy r,(t,) al 
F #, and by (II), there exists r € C-Rn(M, v) such that for all 


i CM, r(t,) € F. Hence, v € TCM. 


257s 


Therefore, TOM! = TM)» and 2C-n.f.a. = 2C-d.f.a. 


Given 2'C-n.f.a. M=< S, ¥, M, So? {F} >, where < S, Z, M, 8 >= mM, 


Define 2'C-d.f.a. M = < P(S), £, M,» (8,)}, {F,} >, where < P(S), 2, 
M)> {s)) >=™', and F, = (48 IAN F# 9}. 
Suppose v € T@N). Then there exists r € C-Rn(@®, v) such that 


In(r) © F. Again by (I) and the definition of F In(r,) © F_, where 


1” 1 


r, is the unique M, -C-run on v. Hence, v € TM). 


Suppose v € TM). Then for the unique ry € C-Rn(M, » v) we have 


In(r,) CF Again by (II) and the definition of Fe we have the 


L 
existence of an r € C-Rn(M, v) such that In(r) S&F. Hence, v € TM. 


Therefore, TM = TM)» and 2'Cen.f.a. = 2'C-d.f.a. 


Given 3C-n.f.a. M= <S, ¥, M, Sq? {F} >, where < 5S, ¥, M, By > = my 
and F = {8,5 Sos sees si ° Define 3C-d.f.a. Tm, = < P(S), X, M,> (S}5 

> = ' = & 
F, >, where < P(S), Z, My, (s)} >= M,', and F, = (F, S P(S) | 


(WAE F,) (QO F#¢) & (Ws € F)(TKE F,) (s EA)}. 
Suppose v € T(M). Then there exists r € C-Rn(®, v) such that 
In(r) = F. Hence by (I), for all Qe In(r,),a N F #4, and for all 


s € F there exists J € In(r,) such that s €4{, where r, is the unqiuve 


1 
m, -C-run onv. By the definition of Fi» In(r,) € Fs and hence, 


ve TO). 


Suppose v € TM,)- Then for the unique ry € C-RnG ; v) we have 


In(r,) € Fy: Hence, by the definition of Fs there exist ty <t, See cay 


such that for all t > ty r, (t) . F #@, and for all 1 < j < k, and all 


i CM, s, € r,(t ). Hence, by (II) there exists r € C-Rn(M, v) 


j-Hei 
such that In(r) = F, and v € TOM). 


-58- 


Therefore, TM) = TM); and 3C-n.f.a. = 3C-d.f.a. 


Given 4C-n.f.a. M=<S, X, M, s ((R, G)) >, where < S, ¥, M, 


0° 
So >=M€'. Define 4C-d.f.a. T =< P(S), X, M,> {Sp}, ((R,; G,)) >, 
where < P(S), E, My, {8} >=M', R, =(AS8 |S R}, and G= 
{A Ss |AN (G-R) # 9}. 

Suppose v € T(M). Then there exists r € C-Rn(M, v) such that 
In(r) N R = ¢ and In(r) 1 G #¢. Hence by (I) and the definitions. of 


is the unique 


R, and Gy> In(r,) al Ry = @ and In(r,) Nn G, #@, where r 


1 1 


Mt, -C-run on v. Hence, v € T,)- 

Suppose v € TOR). Then for the unique ry € C-Rn(, , v) we have 
In(r,) n R, = 6 and In(r,) n G, #¢. Hence there exist ty < ty < ees 
such that for all t >t), r,(t) M (S-R) #9, and for all i NW , 

r, (ty) f (G-R) #@. Hence by (II), there exists r € C-Rn(, v) such 
that In(r) N R= 6 and In(r)N G #6. Hence, v € TM. 


Therefore, TQM) = TOM), and 4C-n.f.a. = 4C-d.f.a. 


Lemma 5: l-ed.f.a. & 1C-n.f.a., l'-d.f.a. & 1'C-n.f.a., 
2-d.f.a. © 2C-n.f.a., 2'-d.f.a. & 2'C-n.f.a., 
3-d.f.a. S 3C-n.f.a., 4-d.f.a. S& 4C-n.f.a. 


Proof: Given d-table TM! =< 5S, XL, M, s, >. Define n-table TH = 


0 


< Si> Ly My > >, where s, = (S x 8) U{s for all o € &, 


519 10? Sx) > 
M, (Sy0> o) = {(sy> s,) € (S x S) | 8, € M(s,5 o)} U {s,} » for all 
(sj 8) € (S xX 8), and all o €E, Mj ((s,, 84), 0) = {8)'» 85) € (S x S) | 


S) € M(s,', o)} U {s,}, and for allo € ¥, M, (s,> o) = {s,J - 


7 
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Clearly, for all t > 0 there exists v, € P-Rn(M , Vv | [t]) such 
that r, (0) = (Sq, s) iff for the unique r € Rn(M, v) we have r(t) = s. 
Thus, 

(I) for all t > O there exists vr) € c-Rn i, » v) such 
that r,(t) =(sp, s) iff for the unique r € Rn(@, v) 
we have r(t) = s; and there exists t € C-RnG@, , v) 


such that for all t > 0, 
(IT) r,(t) = (Sp, r(t)), where r is the unique Strun on v. 


F >, where <S, 5, Mt s, > =M. 


Given l-d.f.a. M=< 5S, XZ, M, 0 


So? 
By Lemma 3 we assume without loss of generality that So ¢ F. Define 


“Nh [eae = > < > = a 
1C-n. f.a mm <5); x; My. S19: E.? where So % M)> S197 mM 


and F, = {(s9, s) € S, | s€F}. 
Clearly from (I), TM = TCM, )- Thus l-d.f.a. © 1C-n.f.a. 
0? F >, where < S,. 2, M, Sy >= mM. 


By Lemma 4 we assume without loss of generality that So € F. Define 


Given l'-d.f.a. M=< 5S, Z, M, s 


yp & 10? Fy >, where < Si» D5 M)> S10 


and FE = { (855 s) € (S x S) s€F}U {S49}: Clearly, from (I) 


"Cc. = = ' 
l'c-n.f.a. Th <5§ > Mm 


TCM) 2 T@R), and from (II) T@R © T(M,). Thus, 1'-d.f.a, © 1'C-n.f.a. 


F >, where <S, 4, M, s, >= MM. 


Given 2-d.f.a. M=<S, X, M, s 0 


0’? 
i -n.f.a. So = 
Define 2C-n.f.a my S4> ae M> S49? Fy >, where < Sy x; M)> S10 > 


Mm,’ > and Fy = {(s5> s) € (S x S) | s € F}. Clearly from (I), T@ 2 


TOM)» and from (II), TQ) ¢ Tm). Thus 2-d.f.a. = 2C-n.f.a. 
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Given 2'-d.f.a. (3-d.f.a.) M=<S, O, M, s,, ¥ >, where < S, %, 


0° 


M, s, > =. Define 2'C-n.f.a. (3C-n.f.a., respectively) Tn = <5)> 


0 
x, M 


in 


v? S10? 5 (s x s) | 


p, (F) = {Sp}, and Po(F) € #}. Clearly from (I), TM 2 TOR), and 


a ' = 
Fy >, where < Si x, M> 819 >= Mm, , and & {F 


from (II), TM ¢ TER). Thus, 2'-d.f.a. © 2'C-n.f.a. and 3-d.f.a. & 
3C-n.f.a. 


Given 4-d.f.a. M=< S, ZL, M, So? Q >, where < S, X, M, 89 >= MM, 

and Q = ((R;5 Gen Define 4C-n. f.a. my =< Si> xy M, > S40? QO, > 
= ' = 

where < Si>  § > mM > and Qa ((Ry,> G4,))> where for all 

i<n, Ry = (4s), 85) € (S x 8) | 8) # Sy or 8, € Rj}, and Gia = 


{(s)» s) € (S x 8) s€ G,}- Clearly from (I), TM = TM), and from 


(II), TOM ¢ TQM). Thus 4-d.f.a. © 4C-n.f.a. oO 

Lemma 6: 1C-n.f.a, © 1l-d.f.a., l'Cen.f.a. & l'-d.f.a. 
2C-n.f.a. © 2-d.f.a., 2'C-n.f.a. © 2'-d.f.a., 
3C-n.f.a. © 3-d.f.a., 4C-n.f.a. © 4-d.f.a. 

Proof: Given n-table M' =< Ss, ¥, M, 89 >. Define d-table Ty =< Sy> 

E5 M,> S19 >, where Ss, = P(S x S) U {S49}. for all o € 3, My (84> o) = 


({(s,, s,) € (S x 8) | 8, €M(s,, 0)}}, and for all Q€ P(S x 8), and all 


o€ E, M(4, 0) = ({(s,', 8,) € (8 x 8) | (A(s,, 85) €d)(s, € M(s;', 9)})- 


1 
that for all t > 0, there exists r. € P-Rnim', v [t]}}) such that r (0) = 


By the definition of Mt,' there exists a unique ry € Rn Gi’ >» Vv) such 


s iff (So> s) € r,(t). By Lemmas 1 and 2 for all t € MW, P-Rn(M', v | 


{[t]) #¢. Hence, for all t CW, r4(t) #¢. Hence, 


s61e 


(I) C-Rn@, v) = {r:N4s | r(0) = s,, and for all t > 0, 


0 


is the unique Tt! 


(Sp> r(t)) € r, (t)} ,» where r -run on v. 


1 


Sq? F >, where < 5S, LZ, M, 85 >=M., 


By Lemma 3 we assume without loss of generality that So ¢ F. Define 


Given 1C-n.f.a. M=<S, ZX, M, 


l-d.f.a. q =< $)> x, F, >, where < S.> yi M > $10 >= T's 


Mie Page 4 
and F, = (A € P(S x 8) lan ({s9} X F) #4}. Clearly from (I), 

TO 2 TH), and from (I) and So €F, TOM ¢ TOR). Thus, 1C-n.f.a. © 
l-d.f.a. 

0° F >, where < S, X, M, Sy > = me, 


By Lemma 4 we assume without loss of generality that So € F. Define 


Given 1'C-n.f.a. M=<S, ©, M, s 


Ll'd-f.a. m =< Sy. He My> S499 Fy >: where < S)> 2 M,> go> = im 


1 10 a 
and F, = {2 € P(S x S) Lan ({89} x F) #9} U (8y)}. Clearly from (I) 


and 85 € F, T(M = TOM)» and from (I), TM © TER). Thus, L'Cen.f.a. © 


L'-d.f.a. 
Given 2C-n.f.a. M=<S, Z, M, Sp» F >, where <5, Zs M, a5. m. 
Define 2-d.f.a. m, ae < S1> Ls Mi» 849° Fy >, where < Si> v M)> S10 >= 


My, and F, = (AL € P(S Xx 8) LAN ({S} X F) #4}. Clearly from (I), 


TM = TM). Thus, 2C-n.f.a. © 2-d.f.a. 


Given 2'C-n.f.a. (3C-n.f.a.) M=<S, L, M, So> # >, where < S, X, 
M; Sp >=. Define 2-d.f.a. (3-d.f.a., respectively) Tt =< Si> x 
ie 1 — 
M,> S40: F >, where < Si> x, M,> 84 >= Ty >» and Fy = {F, © P(S x S) | 


(GF € F)VWAEF,)@N ({s)} x F) #4) & (Ws € F)GAE F,) (8), 8) €)}- 
Clearly from (I), TM = TG). Thus, 2'C-n.f.a. © 2'+d.f.a. and 


3C-n.f.a. S 3-d.f.a. 


-62- 


Given 4C-n.f.a. M= < 5S, XL, M, 89> Q>, where < S, Z, M, an = mM, 
and Q = ((R,, Caen Define 4-d.f.a. mR, =< S,> pigs M,> S50? 2, >, 
< =™', and Q. = = 
where <8), 2, Mis 8yq > = Rs amd = (Rss Grey? Where Ri, 


{A~.€ P(S x8) |AN ({s9} X (S-R;) = 4}, and G,, = (A € P(S x S) | 
A" ({s} x (6G, - Rj) # 9}. 
Suppose v € T(@M). Then there exists r € C-Rn(M, v) such that for 
some i <n, In(r) / R, = g and In(r) f G, # @. Hence, there exist 
ty <t, <t, --., such that for all t > ty, r(t) €d R, and for all j € IN, 
. Th 
r(t,) € G, us by (I) for all t > tos r,(t) ¢ Rj,» and for all 
1 <M, r(t,) € Gay where vy is the unique Wt -run on v. Hence, 
In(r,) al Ry = ¢ and In(r,) nN Gi #. Hence, v € TQ). 
Suppose v € TM). Then for the unique T € Rn v) we have for 
some i <n, In(r,) N Ry = @ and In(r,) fy Gay # o. Hence there exist 
< < eee 
ty t, ty » such that for all t > to» r, (t) ¢ Roa? and for all 
i €iN, r,(t;) € Gis: Thus by (1), there exists r € C-Rn(M, v) such 
that for all t > ty» r(t) ¢ R,> and for all j EW, r(t,) € G,- Hence, 


In(r) R, = and In(r) Nn G, #¢. Hence, v€ TM. 


Therefore, TOM) = TQM), and 4C-n.f.a. © 4-d.f.a. 
1 


l-f.a., l'¢-f.a. = 1'f.a., 


Theorem 8: 1c-f.a. 


il 
N 

: 
ay 
) 
. 


2C-f. a. 


2-d.f.a., 2'C-f.a. = 


i 
ES 
1 
Kh 
p 


3C-f.a. = 3-f.a., 4C-f.a. 
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Proof: Immediate from Lemmas 5 and 6, l-n.f.a. = l-d.f.a. (Theorem 1), 
l'-n.f.a. = 1l'd-f.a. (Theorem 2), 2'-n.f.a. = 2'-d.f.a. (Theorem 3), 
3-n.f.a. = 3ed.f.a. (Theorem 5), 4-f.a. = 3-f.a. (Theorem 6), and 


Theorem 7. O 


SECTION V CLOSURE PROPERTIES 


We now show that for certain i € {1l, 1', 2, ..., 4C} there exist 
procedures which given an i-f.a. M (4-f.a.'s m, and m,) yield an 
‘inf.a, mM; which defines the complement (projection, union, etc.) of 
the set(s) defined by mn a, and R,) - For example, the reader will 
have attained a good understanding of the proof that l-n.f.a. are closed 
under projection when he thinks something to the effect, "Of course, 
this is exactly how you should change machine Min order to obtain machine 
Tm such that TCR, ) = Pp, (TCR) ." 

We trust that the reader can immediately see how to transform any 
i-f.a. (GE (1, 1', 2, ..., 4C}) on Z] Minto an i-f.a. (D, x 2 
m, such that TOR) = u,-cylindrification of TM). Hence, we claim 
without further proof that all of our models are closed under cylin- 


drification. 
Theorem 9: 1-, 1'-, 2-, 3-n.f.a. are closed under projection. 
Proof: Given n-tabbe M' = < Ss, aT 4 Xs M, s, >. Define n-table wy = 


0 


s. >, where for all s € S, and all To € Xo» M, (s, c,) = 


<S, 25, Ms 8 


U Ms, (9), 9,))- 
0,624 


Let v € (24 X ae For each r € Rn(™', v) there exists 


(1) tr, € Rn, ‘ Pov) such that for all t €/W, r(t) = r,(t). 


(IT) Let vy € i. For each r, € Rn,’ 7 vy) there exists v € 


(Sy x 2 PoV = Vos and r € Rn(M', v) such that for all 


t EM, r(t) = 1, (t). 


oe a8 


#& >, where < S, 


Given I-n.f.a. (l'-n.f.a., 2-n.f.a.) M=< 5S, uy x Los M, s 


to = = : 
and 2'-n.f.a. (3-n.f.a.) mT, < 5S, aT 4 os M, Sq? 
uy x os M, So >=. Define l-n.f.a. (1'-n.f.a., 2-n.f.a., respectively) 


= ts Pe, 7 = 
m7, <5, Xo» M> By? F >, and 2'-n.f.a. (3-n.f.a., respectively) mh, 


<5, Los M,> So? & >, where < S, o> M,s. >= m - From (I) we have 


1’ “0 
py (TG) © TAR) and P,(TO,)) S TM). From (II) we have p, (TM) 2 


TQ@R,) and P,(T@,)) 2 TM). oO 


It is interesting to note that the above construction does not 
work for 1C-, ..., 4C-n.f.a. For example, given 2'Ced.f.a. M= < {Sp> 


81> 85> R}, (0, 1 M, Sq? {{s,, 8,3} >, where M is given by the diagram: 


(0,0). 


(0,0) 
(0,1) 
(1,0) 
(1,1) 
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T@® = (v | (py(In(v)) = (0) & p,(vYM)) = (1}) oF (p,(In(v)) = {H & 
P, (vUIN)) = {0})}. 
The construction in the preceeding proof yields 2'C-n.f.a. Tt, with 


state transition diagram: 


0 ij 
P,(T@)) = {v | In(v) = {0} or In(v) = {1}}. TOM) = (0, 4° # p,(T@). 


Theorem 10: 1-f.a. are closed under union and intersection. 


Proof: Given 1-f.a.'s nh =< S)> bie M,> S40? Fy > and MN, =< So» 5 
Mo» Soo? Fy >. 

Define l-f.a. Mn, =< sy x So» xy M, 4 M,» (Sig? Soo)? F, >, where 
FP, = (Fy X 8,) U (S, X Fy). Clearly, TR) = TOM, ) U TOM,)- 

By Lemma 3 for i = 1, 2 we can determine l-f.a.'s wm," =< s Pa ie 
M,' : S50 F (ft) >, where for all o € X, M, (f,5 Oo) = (f,}, and such 


that mn, and mr are equivalent. 


1 = = 1 ! ' ' ' ' 
Define 1-f.a. T, <S)' x8), 2, M' XM; (84 » Soy ys ((£,; 


f,)} >. Clearly, TH) = TM) a TH). O 
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Theorem 11: 1'-f.a. are closed under union and intersection. 


F, >, and I, =<s 


Proof: Given 1'-f.a.'s mn, =< Si: Ls M, > Sip? Fy » 
Zs Mos Soq2 Fy > 

Define 1'-f.a. Th, =< sy x Sys D> M, 4 Mos (Sio: 85)? F, >, where 
F, = Fy x Fo. Clearly, TCR) = TOR) a T@,). 

By Lemma 4 for i = 1, 2 we can determine 1'~f.a.'s mt,’ =< s,' sedis 
M,' ; S59 . F,' >, where s,' = F, U {s,,)> 8.0 € F , and for all 
o €X, M' (S55 > o) = (S_3}- 

Define 1'-f.a. T, =< a x 8, mas M,' x M, > (8149 » Soo ); Fy >; 


where Fy = (s,' x F ) U Fy 4 sy ). By Lemmas 1 and 2, for i= 1, 2 
we have (Vv € | (RaW, » v) #6). Hence, if there is an accepting Tt - 
run on v, or an accepting N-run on v, or both, then there is an 
accepting T,-run on v. Therefore, TR) 2 TER, ) U TER). By the 
construction of m,' for all v € ee (Vr € Rn (WN, 5 v)) (Vt) (r(t) € F 
implies r([t]) & F, ). Hence, there is an accepting T,-run on v only 


if there is an accepting TR, -run on v, or an accepting a, “run on v, OT 


both. Therefore, TCR,) S TO) U TO,). oO 


Theorem 12: 2-f.a. are closed under union and intersection. 


F, >amd M =< 5S 


Mis S4g° Fy y 2? 


Proof: Given 2-f.a.'s Tt z< Si> x, 


Mo> S59? Fy >. 
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First we show closure under union. Define 2-f.a. mM, =< Ss, 4 Sys 


x, M, xM (S49: 859)> F, >, where F, = (S, x Fy) U (Fy x S,)- By 


2° 3 
Lemmas 1 and 2, for i = 1, 2, and all v € et Rn(M, » v) #¢. Hence, 
if there is an accepting Tt -run on v, or an accepting T-run on v, then 
there is an accepting M,-run on v. Hence, TOR, ) 2 TOR, ) U TQ). 

W 
For all v€ x, and all tr, € Rn@, , v), Pts € Rn, » v) and Pot 3 € 


Rn(M, » v). Hence from the definition of Fy» if tT. 


Tt, -run on v then either P45 is an accepting WM -run on v, or Pot, is 


an accepting M,-run on v, or both. Hence T@,) S TH) U T@,). 


is an accepting 


We now show closure under intersection. Define 2-f.a. Tt, =< Si 


=§ 
by M, > (S40? S50? 1); Fi, >, where s) 1X s, X {1, 2}, for all (s,> 


. * = ' ' s 
So> i) € Sy and all oO € x, M, ((s1> 85> i), o) = {(s, 3 85 > j) € S, | 
1 ' 
S1 € M, (8,5 a) & S, 
F, X (2). 


€ My (S55 o) & (i = j iff Ss, ¢ Fs and Fy = S, x 
Note that if mt and mn, are deterministic then TI, is deterministic. 
Suppose v € TO) nN T(M,)- Hence, there exist ry € Rn@ v) and 

To € Rn, » v) such that In(r,) q F, # ¢ and In(r,) nN F, #6. From 

the definition of M)> 

and Pot, = To (in fact, r 


there exists vy, € Rn, » v) such that Pit, = %y 


L is unique). Suppose there exists a t € JW 


such that for all t2T, r,(t) ¢ Fy: But there exist t t,’ such 


1? 2? 2 
< < < ' : 
that T ty ty ty ; rj (t,) € Fie F(t) € Fy and ro(ty dE F, 


t 


Clearly from the definition of M,, for some t, t, <t< tf : r,(t) € 


Hence, no such Tt exists, and In(r,) a Pi, #¢. Hence, r, is an 


y 4 


he 
accepting ,-run on v and v € TO, )- 
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Suppose v € T,)- Then there exists Ty, € Rn, , v) such that 


In(r,) n Fy, #@¢. Hence, there exist to < ty < cers such that for 


all i €M, r,(t,) € Fie By the definition of M,> Pit, € Rn(M » v) 
and Pot), € Rn(@,» v). We have immediately from the definition of Fie 


that for all i CM, (t,) E Fo: Hence, In(por,) al Fy #6, and 


Pots 
VE TM,)- By the definition of M,, there exist ty < t,' <..., such 


that ty < to < ty < th --+, and for all i € WW, PiT, 
In(pqr,) nN Fy #9, and v € TOR). Hence, v € TM, ) n TM,). 


Therefore, T,) = TQ) a TOM). a 


Theorem 13: 2'-f.a., 3-f.a., 4-f.a., 2'C-f.a., 3C-f.a., and 4C-f.a. are 


' 
(t, ye Fie Hence, 


all closed under intersection and union. 


Proof: Given 2'-f.a.'s (3-f.a.'s, 2'C-f.a.'s, 3C-f.a.'s) mM =< Sy> 5 
M)> S49? x > and n, =< 84> a5 My» B59? Fy = 


Define 2'~f.a. (3-f.a., 2'C-f.a., 3C-f.a., respectively) M, = <8, x 


1 


So» Us My X My» (Sy9> S99 


F & PoF € Fo}. Clearly, TR) = TOR) n T@)- 


Define 2'-f.a. (3-f.a., 2'C-f.a., 3C-f.a., respectively) Th, =< Ss) X 


Sos-Zs My X Myr (8499 859)> %, > where #, = (FS (8, x S,) | PAF ER, 


or poF € Fo} As in Theorems 10, 11, and 12 after an appeal to Lemmas 1 


), ¥, >, where %, = {FS (8, X Sy) | P,FEC 


and 2, it is clear that TO,) = TM) U TM,). 
Given 4-f.a.'s (4C-f.a.'s) mt, =< Ses x; My, S50? (Re, > Cae acn > 


and Ma< Se. Zs Me> 860° ((Re5> C65) §<m >. 


6 
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First we show 4-f.a. and 4C-f.a. are closed under union. Define 


4-f.a. (4C-f.a., respectively) Th =<S_x Ses x M, XM 


5 6? (S59? S60)? 


and for all O sk<n, R., = 


OQ, >, where Q, = (( 7k 


Rog? Sa) etme? 


R,, X S, and G_, =G_ X Se. and for all ntl < k's mimtl, R 


5k 6 7k 5k a 


7k 75 


and G X G 


R6 (ken-1) Me > Bat Se onety? 


Suppose v € TOL). Then there exists ry € Rn , v) such that 


1) for some i < n, In(pyr.) a Res = ¢ and In(p4F 5) nN Gey #6, or 
2) for some j < nm, In(p5r 4) a) Rey = ¢ and In(por5) nN C6, #6, or both. 
Since Pits € Rn@i,, v) and Pots € Rn@, v), in case 1) v € T@R,) and 
in case 2) vé TC) - Hence, v € TORS) U TOM). 

Suppose v € TOR). Then there exists T. € Rn@, v) such that 
for some i < n, In(r 5) al Re, = ¢@ and In(r,) nN Gee #¢. By Lemmas 1 
and 2,. Rn, v) #¢, and hence, there exists ry € RnR, v) such that 
Pyty = To: Clearly, In(r_) al (Res Xx a) = and In(r.) a (Ge, x S 4) # Oo. 
Hence, ry is an accepting TL-run on v, and v € TOR). Similarly, if 
ve TOR)» then v € TO). 

Therefore, TOM) = TCM) U TM). 

Finally, we show 4-f.a. and 4C-f.a. are closed under intersection. 
Our construction of M, such that TOM) - TOM) al TOR.) is somewhat 
complicated. However, it is merely an obvious extension of the con- 
struction used in Theorem 12 to show that 2-f.a. are closed under 
intersection, and we trust the reader will easily grasp the simple 
motivating notions behind our regrettably complex machinery. The state 
set of MN, will be S, = S, x S, x B, where B = (B | B is an (m1) by 


(m+1) matrix, B = Pi) isa: jsm ? each of whose entries is either 5 


or 6, bs, € (5, 6}}. 
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i = = = > 
Define 4-f.a. (4C-f.a., respectively) T < Sg pap i My Seo? OQ, ; 
where S, is as above, for all (s., So. B) € Sg. and allo € ¥, 
= ' ' ' 
Ma ((s.. S¢> B), oc) ((s,' ; s, > BYE Se | s. € Mo(s¢, ao) & 8. € 
Wi J * - 
Mo (8¢> o) & (b; | bi iff Ss. ¢ Gey and sh ¢ Ce, )> 8.30 (Sco 
ij ij 
0 . . O _e«. = 
Seo» B ), where for all i<n, j <n, bs = 5; and OQ, (Rei 5? Cas; icn, j<m’? 
where Reij = Rey x S6 xX BU S. x Re; XxX B, and Cai; = Ss. x C63 x 


{BE B | b,, = 4. 
Note that if mT, and Tt, are deterministic then Th is deterministic. 


Suppose v € T(M,). Then there exists T. € Rn Gi, » Vv) such that 
8 


a ¢ and In(r,)  G, 844 4 ¢. 


Clearly from the definitions of My and Q> we have PiXg € Rncy 5? v); 


In(p¥Q) qn Re, =, Pot, € Rn@, v), and In(por,) al R63 =. There 
< < ate i ‘ 
exist t) <t, <t, » such that for all i €WW, ra(t,) € Cea; From 


the definition of Q 


for some i < n, and some j < nm, In(rg YAR 


3° 
Mg; there exist ty < t, < ty -.., Such that to < ty < ty < t Benet 


and for all i CW, Pit g(t,’ ) € Goa Hence, In(p,T,) nN Gey # 6 and 


for all i €WW, Pot g(t,) € Ge," From the definition 


In(po¥g) a) C64 #¢- Henee, Pyrg is an accepting M-run on v and Pot, 
is an accepting H.-run on v. Therefore; v-€ T,) a TM). 
Suppose v € TM) a) TOM). Then there exist te € Rn@R v) and 
re € Rn, v) such that for some i <n, and some j < n, In(r 5) n Rey = ¢, 
In(r.) nN G. a g, In(r, yn R. = $, and In(r¢) al Ge ;7 ¢. Clearly, 
there exists a (unique, in a Te. € Rn Gis v) such that Py%g = Ts 


and Potg = Te: Clearly, In(r, yn Re; = ¢. 


Pay Po 


Suppose there exists a t €/N such that for all t 21, rg (t) ¢ Cgis: 


There exist t_, t., t,’ such that r<t.<t.<t,', and v(t.) €.G.,5 


5’? 6° 6 6 5 6 
1 . : . 
r,¢(t,) € Ce and re(te VE C65" But then from the definition of M, > 
there must exist t such that t, < t < t,' and r,(t) € G,..; and this 
6 6 8 8ij 


contradicts our assumption about Tt. Thus no such T exists and In(r,) al 


3 is an accepting T,-run on Vv. 


Therefore, TA) = TR) nN TM) - Cc] 


Ces; #%. Hence, r 


For nondeterministic finite automata there is an obvious alternative 
construction of a "union machine" as follows. 


Given tables TM, ae S,. 0, M > and mr, =< S4> Zs Mos S59 > 


1 *10 20 


» es 1 = 
Define n-table TR, < S45 x, M,, S39 3 30) ’ My | 


(S, US,) =M, UM,, and for all o € &, Ma (S50. o) = M, (S40; o) U 


>, where S, = s, U Sy {s 
My (Sy9> Oo). 

Clearly, for all v € re Rn, »>v= (r,:/N > S, | r,(0) = 855 & 
(there exists vy € Rn Gi! >» v) such that for all t > 0, r,(t) = r,(t); 
or there exists v5 € Rn (il, » v) such that for all t > 0, r4(t) = r,(t))}. 
Using this observation the correctness of each of the following con- 
structions is immediate. 

Given l-f.a.'s (l'-f.a.'s, 2-f.a.'s, 1C-f.a.'s, 1'C-f.a., 2C-f.a.'s) 
9? 859° Fy >, where 
>= wh, . Define i-n.f.a. 


=< 
mn Sy> x, M 


< Sy> Dy M,> s 


? 819° Fi > and Mt, = <S5,, Lh, M 
> = : 
10 Ty and < S5> D5 My» $59 


(l'-n.f.a., 2-n.f.a., 1C-n.f.a., 1'C-n.f.a., 2C-n.f.a., respectively) 


mM, =< S5> Ly My» S39 Fy >, where for Mn, a i-n.f.a. or a 1C-n. f.a. 


Tie 


Eye F U Fos if S19 ¢ “a and S50 ¢ Fy 
{S40} > else, 
for mM, a l'-n.f.a. or a 1L'C-n.f.a. 
F3 = Fy U Fy U {$3} > if S46 E Fy and So € Fy 
) P else, 


and for T, a 2-n.f.a. or a 2C-n. f.a. Py = Fy U Fy: TOR) = TCR, ) U 


TM,). 


Given 2'-f.a.'s (3-f.a.'s, 2'C-f.a.'s, 3C-f.a.'s) my =< Si D, 


= Sz 5 < 
M)> S10? Fy > and Th, < So» 3 Mo» S59? 2 >, where So, 25 My» 
> = ' x TR! i ‘on. f.a. “Th L.A. 
S59 wm, and < Si> x, Mi> S10 > ay | Define 2 n.f.a (3 nh f.a 3 


2'Cenifsa., 3C-n.f.a., respectively) wh, =< 84, a6 M,> 830° #, >, where 
#, = F U Fo. TOR) = TO,) U TCR). 


. = ' . ' = 
Given 4-f.a.'s (4C-f.a.'s) mh, a ae M)> § (QR, | > G29) >, 


10’ li’ isn 


>, where < S)> x, M)> S49 >= 


>= mn, . Define 4-n.f.a. (4C-n.f.a., respectively) 


1° 
and Th, g? % Mos Soq> (Ross Gy,))5 


mM and < So» x, M 


<m 

ide | 
=< = 

M, S,, Ly My S40> Q>, where 0 (Ry Cig)? Scas Quy G_), 


(Rog> Gyg)s +++ Cogs Gp,))- TO) = TER) U TE). 


Theorem 14: 3-d.f.a. are closed under complementation. 


Proof: Given 3-d.f.a. M=< 5S, ©, M, Sy? &>. Define 3-d.f.a. a, = 
<sS, 4, M, So» P(S)-F >. 
Because Jt and my are deterministic and have exactly the same run 


on each v € te clearly we have (dr € Rn(M, v))(In(r) € ¥) iff not 


(Gr; € RnGR, v))(Im(r,) € P(S)-#). Therefore, TCM) = r-T@M. n 


By 


SECTION VI COMPARISONS OF MODELS 


In a natural intuitive sense j-f.a. are more powerful than i-f.a. 
(i-f.a. are incomparable in power to j-f.a.) when j-f.a. > i-f.a. 

(when (i-f.a. # j-f.a. & i-f.a. ¢ j-f.a.), respectively). In this 
intuitive sense, this section deals with the comparison of models. 

Many of the results of the form i-f.a. C j-f.a. are immediate 
corollaries of the failure of i-f.a., the weaker model, to be closed 
under complementation (projection), the closure of j-f.a., the stronger 
model, under complementation (projection), and a simple construction 
for obtaining an equivalent j-f.a. given an i-f.a. In fact, this is 
how we proceed in most of the following. However, we do not always 
proceed in the above manner. For example, we show 2-d.f.a. C 2-n.f.a. 
by showing 2-n.f.a. = 3-n.f.a. and 2-d.f.a. C 3-n.f.a. (2d. f.a. © 
2-n.f.a., also, follows from 2-d.f.a. are not closed under projection, 
and 2-n.f.a. are closed under projection). 

As is usual with negative results, the negative results in this 
section (for example, 2-d.f.a. are not closed complementation) are 
harder to prove than the positive results of the last section (for 
example, 2-d.f.a. are closed under union). Perhaps this is because 
rather than explaining, for example, how to put two 2-d.f.a.'s together 
into a new "union" machine, we must first find a task which no 2-d.f.a. 
can do, and then we must explain why no trick (Ca matter how brilliant) 


can devise a 2-d.f.a. which does the task. Hence, these negative results 


ogee 


Lemma 9: 2-n.f.a. © 3ed.f.a., 2'-n.f.a. S 3-d.f.a. 


Proof: Given 2-n.f.a. M=< 5S, L, M, s., F>. Define 3-n.f.a. mn, = 


Q’ 
<8, =, M, 8» %, >, where ¥, = (F, $8 | F, NF #4}. Clearly, 
TA) = TM. Hence, 2-n.f.a. S 3-n.f.a., and by Theorem 5, 2-n.f.a. 


© 3ed.f.a. 
ee = i - = 
Given 2'-d.f.a. Th, < Sy» x, Mo» 85> Fo >. Define 3-d.f.a. MT, 
< So» x; Mo» 859° #, >, where #, = (F5 S sy for some F € Fy» F3 S F}. 


Clearly, T@R) = TO, - Hence, 2'=d.f.a. [ 3-d.f.a. and by Theorem 3, 


2'-n.f.a. GS 3-d.f.a. Oo 
Theorem 15: AS” is 1-d.f.a. definable iff Ac = ©” - A ig 1'-d.£.a. 
definable. 


Proof: Given I-d.f.a. M=< 5S, X, M, s,, F >. Define 1'-d.f.a. mM = 


0’ 
<8, 4, M, So? S-F >. Given l1'-d.f.a. mi, =< So» x; Ms 859° Fy >. 
Define 1-d.f.a. mM, Sie So. x; My, 850? S5-F, >. 


For all v € He M and n have precisely the same unique run on v. 
Hence, (dr € Rn(@, v)) (ty) OF # 6) 1ff not .(ir € RAM,» vr) <s 
S-F).  Therefore,: TM,) =x. Ta - in ae 


For all ¥ € ae M, and mM, have precisely the same unique run on 


v. Hence, (Ur € Rn (i, » v)) (rN) Fy) iff not (Gr € Rn, » v)) 


(cM) n So-Fy #6). Therefore, TOR) a5 < TM,)- no 


Lemma 10: A, = 0” is not l-n.f.a. definable. 


<The 


Proof: Suppose A, = 0” is defined by I-n.f.a. M=<S, {0, l}, M, 


1 
Sy: F >. Then there exists r € Rn(w, 0”) and tT €/M such that r(T) € F. 
Consider over -r| {t+1] is compatible with M and Oa Hence, 

by Lemma 1, there exists r' € Rn(M, 0° +1") such that r' | [t+1] = 

x | [ttl]. But r'(r) = r(t) € F, and hence, 0'e1" € T(M. Contrary 


W W 
to assumption Jt does not define 0. Therefore, 0 is not l-n.f.a. 


definable. 
a) 


Lemma 11: A ={v€ {0, rae 1 € vGIN)} = O'*1s {0, 4” is not 1l'-n.f.a. 


definable. 


Proof: Suppose Ay is defined by 1'-n.f.a. M=<s, {0, l}, M, 


Sq F.>, where c(S) = n. 


Oa € AD. Hence, there exists r € Rn(, 071°) such that r(ff & 


F. c({0, ..., n}) >n, hence for some ty <t, sn, r(t,) = r(t,). Hence, 


2 
there exists r' € Rn(M, 0°) such that r' = r(O)er(]) ...... r(t 
(r(t,) ies r(ty-1)). Clearly t' YN) © F, and hence, 0” € TOW. Therefore, 


contrary to assumption Ay is not 1'-nf.a. definable. 0 


Theorem 16: 1-f.a. and 1'-f.a. are not closed under complementation, 
1l-f.a. and 1'-f.a. are incomparable, l-n.f.a. C 2-d.f.a., l-n.f.a. © 
2'-d.f.a., len.f.a. C 3-d.f.a., l'-n.f.a. C 2-d.f.a., l'-n.f.a. C 2'-d.f.a., 


l'-n.f.a. C 3-d.f.a. 


Proof: At = {v€ {0, 1} | 1€ v(sM)} is defined by 1-d.f.a. M= < (s 


$1}, (0, Tis-M, So: {s,} >, where M is given by: 


-7]/=- 


Hence by Lemma 10, 1-f.a. are not closed under complementation. 
W 2 2 2 
Ay = 0 is defined by 1'-d.f.a. T, =a< {Sp> s4}> f0,. Ys Bs So: 
{85} >, where M is as in the diagram above. Hence, by Lemma 11, 


1l'-f.a. are not closed under complementation. 


The remaining parts of the theorem are immediate from the above, 


and Lemmas 7, 8, 10, and 11. OD 
* WwW 
It is interesting to note that A, = 1 0 is neither I-n.f.a. 
definable nor 1'-n.f.a. definable; but Ay is both 2-d.f.a. definable 


and 2'-d.f.a. definable. 
Theorem 17: ACS is 2-d.f.a. definable iff Y’-A is 2'-d.f.a. definable. 


Proof: Given 2-d.f.a. M=<S, L, M, s,, F>. Define 2'-d.f.a. mt = 


0? 
<S, XZ, M, Sy» {S-F} >. For all v€ ne M and Th, have precisely the 
same unique run on v. Hence, (Sr € Rn(M v))(In(r) N F # ¢) iff not 
(Gr € Rn(@M, v))(In(r) © (S-F)). Therefore, T(M,) = (TOM)”. 
Given 2'-d.f.a. on 2 ma,» possibly with many designated subsets, 
we can find (by Theorem 21) a 2'-d.f.a. nm, equivalent to Mt, and such 
that m, = < Sq, py M,> 8409 {F.} > (note that m, has only one designated 
Z, M For all v € 


subset). Define 2-d.f.a. mn, =<5§ 8 


3? 3° 539? 53°F3 > 


w 
De ey T, and mt, have precisely the same unique run on v. Hence, (dr € 


Rn (Ih, , v))(In(r) S F,)ifé not (ar € Rn, » v)) (In(r) A (S,-F,) #¢). 


(TCM,))© 
a o 


Therefore, TM, ) 
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The reader may be tempted to say that closure of the family of 2-d.f.a. 
definable sets under projection is a corollary of Theorem 17, reasoning 
as follows. 

If set A is 2-d.f.a. definable, then set A° is 2'-d.f.a. definable. 
Hence, p, (AY) is 2'-d.f.a. definable (by Theorems 3 and 8). Hence, 
(p,(A°))° is 2-d.f.a. definable. But, in general, (p,(A°))° 4 Pp, ((AS)°) = 
PsA; because complementation and projection on regular events and on 
W-regular events, in general, and.on 2-d.f.a..definable sets, in par- 
ticular, do not commute, 

We will see that the family of 2-d.f.a. definable sets is, in fact, 


not closed under projection (Theorem 19). 


W * W) 
Lemma 12: A, = {v € (0, }} | 1 ¢ In(v)} = (0, 1} °0 is not 2-d.f.a. 


definable. 
Proof: Suppose A, is defined by 2-d.f.a. M=<sS, {0, }, M, So? F >, 
where c(F) = k. 

Let vp = 0°. Since VY € As, Yo € T@. Therefore, for the 
unique TQ € Rn, Vo)» we have In(x)) NF#g¢. Let To be the least 


te WW such that T(t) € F. 


For i<w, define v5 inductively as follows. Let 


41? "a4? Th41 


Ww 
= v, (O)ev, (1) es v,(t,-Del 0. Let r, 


itl be the unique Tt-run 


Vaal 


on Vv. Since v, € Az; 
1 = 1 


+1 3? 
be t > 
let Tray e the least t T; such that T5410") € F, 


41 In(r, 1) 1 F#¢. Therefore, we can 
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Using Lemma 1 we can show by induction that for all i < k+l, we have 
T,+1] = ‘ i 2-n.f.a.'s. 
Tad | [ i ] r. | [T, +1] (Note that Lemma 1 is not true for 2-n.f.a.'s 
This is an essential use of M's determinism. ) 
Hence, for all i < k+l, we have TH (T,) = v(t) € F. Since 


c(F) = k, there exist h, j such that h <j < k+l and r, 4 (1) = Tp (T,)> 


We have the picture: 


time: 0 1, : Ty71 TT, 
Ved 0 On Ave aie 0 1 
Tart E41 (9) Tr) - ey Fea Ty 1) Ty (Ty) € F ... 
time: t=) e 
i k+1 
w 
Viet: 0 1 Oo. 1 0 
r 


7 T .-1 ie. . 
mi “ea stg) er Ga) 6 E 


uy 
Let v = Vie] 69) ae 1 THD My OT) ite Meer (747 Y) . Let r= 
w 
T4400) hist Te (THD CCE CT) siete Tey (757) . Clearly, r € Rn@M, v) 


and r(T,) = Ww € F. Hence, In(r) 1 F # ¢, and r is an accepting 


Tpit 


M-run on v. But v(t) = (1). = 1, hence, 1 € In(v), and v ¢ A,: 


Vet 


Therefore, contrary to our assumption, A, is not 2-d.f.a. definable. 


As we noted the preceding proof makes essentail use of the deter- 
minism of machine J% In fact, Lemma 12 is not true for 2-n.f.a.'s. A, 
is defined by the 2-n.f.a. M=< {Sp> S4> 85)» {0O, ly, M, So: {81} >; 

0 


0 1 
SOV 22 


where M is given by: 
0 
1 
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* 
Lemma 13: AS = {v €(0, I)” | 1€ In(w)} = (0 °1)” is not 2'-n.f.a. 
definable. 


c 


3 F>, 


Proof: Suppose A, is defined by 2'-n.f.a. M=< 5S, {0, lj, M, 


So: 
where c(S) =n. 

v= (ot*1)” E Ag, and hence, v € T@®. Therefore, there exists 
r € Rn@, v) such that for some F € %, In(r) & F. Then there exists 
+ € IN such that for all t > T, we have r(t) € F. Choose any k >T 
such that v(k) = 1. Then v(k+1)*v(kt+2) ... v(kimtl) = 0”, and for all 
t, k <t < kimt2, we have r(t) € F. Now F © S, and hence, c(F) <n 


t, such that k <t, <t, S kimt2, and 


and there must exist ty> 9 1 9 


r(t,) = r(t,)- 


We have the picture: 


time: k-1 k k+l .... kimtl k-+m+2 
Vv 0 1 0 , 0 1 
Yr: ~~  -£(k) r(k+1) eaves ¥ Kic-brt2) 
< e 
k< bs a) < kt+mt2 


Let v, = v(0) ... v(t,-1)*(v(t,) ++. v(ty-1)). Let r, = (0) ... 


r(ty-Ls(r(t,) ... e(ty-1)). Clearly, r, € Rn@®, v,) and In(r,) © In(r) SF, 


: : c 
Hence, r, is an accepting erun on v But vy € A.,, and hence, contrary 


Ll’ 


: ce, * 
to our assumption, Ay is not 2'-n.f.a. definable. 


Oo 
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Theorem 18: 2-d.f.a. and 2'-f.a. are not closed under complementation, 
2-d.f.a. and 2'-f.a. are incomparable, 2-d.f.a. C 3-d.f.a., 2-d.f.a. C 


2-n.f.a., 2'-n.f.a. C 3-d.f.a., and 2'-n.f.a. C 2-n.f.a. 


* 
Proof: Aj = (0 °1)” is defined by 2-d.f.a. M=< {sy 83, (0, 1}, M, 
Sq» {84} >, where M is given by: 
0 


—) 1 
©) as COD) 
0 


Hence by Lemma 12, 2-d.f.a. are not closed under complementation. 

A, = (0, 1; "+0" is defined by 2'-d.f.a. MSS fsx '8y)0 (0, 1 
M, Sp» {{89}} >, where M is given by the state transition diagram above. 
Hence, by Lemma 13, 2'-f,a. are not closed under complementation. 

The remaining parts of the theorem are immediate from the above, 


Lemmas 9, 12, and 13, and Theorems 4 and 5. 


a) 


Theorem 19: 2-d.f.a. are not closed under projection. 


Proof: Let A, = ((0, 1), (1, 0), (1, 1)}**(0, 0)”. A, is defined by 


4 
2 , ; 
2-d.f.a. M=< {Sq Sy> So} > (0, 2) My So? {s,} >, where M is given by: 


* 
p,(A,) = (0, 9 *0 =A,. By Lemma 12, A, is not 2-d.f.a. definable, 


O 


Coincidentally, p,(A,) = p,(A,). This is not essential. 
1.4 2° 4 


and hence, 2-d.f.a. are not closed under projection. 
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Remark 1: Let A, = (v € (0, )” | v0) = 141¢ In(v) and v(0) = 0 4 


* 
1 € In(v)} = 1. (0, W*0" U oro” 1)”, A, is neither 2-d.f.a. 


definable nor 2'-n.f.a. definable; but As is 3-d.f.a. definable. 


Proof of Remark 1: Suppose A, is defined by 2-d.f.a. M=< 5S, {0, 1}, 


M, So? F>. Define 2-d.f.a. ™ >, where 


1 219" 71 
for all s € S, and allo € {0, lj, M (s, co) = M(s, 0), 


e< Si> {0, lj, M)> 


Ss, =S U{s 


1 10) ° 
M, (S453 0) = {$49} > M, (849: 1 = M(s); 1), and Fy = FU {849)- 


Let vy be any (0, 1) "~sequence. 


Case 1: LE v, (A). 

Let T be the least t such that v, (t) = 1, Let v = v1 (T)°v, (TH): 
v, (T42) beats v, (t+) ... « Let r be the unique TJerun on v. 

Clearly, for the unique T -run r, on v, we have for all t<rT, 


1 1 


r,(t) = S40) and for all k > 0, r, (+k) = r(k). Hence, vy € TM) iff 


¢ 
1‘ 
v € TM) iff 1 ¢ In(v) iff 1 ¢ In(v,). 
Case 2: 1¢ v, (WN). 
Th = 0° and the uni ER 0”) 4 =s.. Weh 
env, = and the unique v, nM, » ) is T1 = 849° e have 
$10 € F and hence, vy € TOR). Clearly, 1 € In(v,)- This completes 
Case 2. 
Therefore, TCR, ) ={veé {0, ye | 1 ¢ In(v)} = A,: But by Lemma 12, 
A, is not 2-d.f.a. definable and we have a contradiction. Hence, contrary 


to our assumption, A, is not 2-d.f.a. definable. 
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Suppose A_ is defined by 2'-n.f.a. nm, =< Sos {0, 1}, My» Soq? Fy >. 


5 
if La oer, > = 

Define 2'-n.f.a. Ty Sy, (0, lh, Mg> 845° F, , where S. s, U {8,5} > 

for all s € So. and allo € (0, lj, My (s, o) = M,(s, oC), M, (S305 1) = 

{S55} > M3 (8,53 0) = My (S505 0), and Fy = F, U {{845}}- 


Let V3 be any {0, 1; "sequence. 


Case 1: O€ v3(N)- 

Let t be the least t such that v,(t) = 0. Let Vy = v3 (T)*v, (T+) ° 
vq (T+2) Meee v3 (T+) .«. . Clearly, for each r5 € RnR, , v3) there exists 
an Tr, € RnCh, , Vy) such that for all k > 0, r,(T+k) 7 r,(k)5 and for 
each ry = Rn(M, » v,) there exists an ry € Rn, , V3) such that for all 
k > 0, r, (k) = r, (TH). Hence, there exists Tr, € Rn GM, » v5) such that 
In(r4) 


CFE F iff there exists ty E Rn (il, Vv») such that In(r 5) SFE &. 
Hence, v, € TOM, ) iff vy € TR) iff mE In(v,) iff le In(v,) ; 


Case 2: 0 ¢ v,(@). 


i) ; : _ Ww : 
Then V3 = 1, aml the unique My run on v, is r, = 83) - Since 


{839} E Fas V3 e TQ). This completes Case 2. 
Therefore, TON) ={ve€é {0, H | 1 € In(v)} = Noe But by Lemma 13 


Cre ‘ rer 
Ay is not 2'-n.f.a. definable, and we have a contradiction. Hence, 


contrary to our assumption, A, is not 2'=n.f.a. definable. 


5 
As is defined by 3-d.f.a. mn, =< {®%: $1- 85> Sq, s)}> (0, h, M, > 
So? ({s)}5 {S,, s,}> {8,}} >, where M, is given by: 
0 


ees 


GJ) 


A, = 0 
Ae O Mie te Sere eT” Tee) 
* a) 
Ay = 1-0 
A, = (0, 0” = {v € (0, WY” | 1 ¢ In(v)} 
Ae (Oe ay. SUR elras 4 eas 
A. = 1+{0, 1y"*0" U oF(0'*1)” = fv € (0, H°! (tO) = 141 ¢ Inv) 


& (v(0) = 0 41 € In(v))} 


FIGURE 3 
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SECTION VIII RESTRICTING THE W-AUTOMATA MODELS 


Sometimes the most natural, general definition of an automaton model 
may be restricted so as to yield a model which is easier to handle for 
some proofs, and which is still as powerful as the unrestricted, original 
model (i.e., the same sets of v =sequences are definable using either 
model). We have already seen two examples of this in Lemmas 3 and 4, 
which show that certain convenient restrictions may be placed on the 
initial state and the state transition functions of 1-f.a.'s and 1'-f.a.'s. 


In fact, Lemma 3 yields the following. 


Theorem 20: Given a l-n.f.a. (l-d.f.a.) we can determine an equivalent 


len.f.a. (l-d.f.a., respectively) with a single designated state. 
Proof: Immediate from Lemma 3. D 


If we didn't restrict state transition functions to be mappings 
M: SX 2+ P(S) - {¢}, then Theorem 20 would hold for 1l-d.f.a.'s, but 
not for l-n.f.a.'s. 

Theorem 20 does not hold for 1'-f.a.'# for it is trivial te ishew 


that Ag = (01)” is l'-d.f.a. definable, but that Ag is not definable 


by any l'-n.f.a. with only one designeted. state. 


It is, also, quite easy to show that Ag is both 2'=d.f.a. and 3-d.f.a. 


definable, but that A, is not definable by any 2'-n.f.a. or 3-n.f.a. all 


8 


of whose designated subsets are singleton sets. 
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It is easy to show that AL = 0” U 1” is both 2-d.f.a. and 3-d.f.a. 


definable, but that A, is not definable by any 2-n.f.a. (3-n.f.a.) with 


7 
only one designated state (subset, respectively). 
Theorem 21: Given a 2'-n.f.a. (2'-d.f.a.) we can determine an equivalent 


2'=n.f.a. (2'-d.f.a., respectively) which has only one designated subset. 


Proof: Given 2'=-f.a. M=<S, LZ, M, So? {F,; dcters FA >. For each 
1<is<k, define 2'-f.a. Ty =<S, XL, M, So: 
TO,) U... U TM.) - Hence, the following suffices. 


(F,) >. Clearly, TM = 


+ te ' = es = 
Given 2'-f.a.'s mt < Sy> De M,> 8 D > and mt, < Sos x, M 


10? {F 2? 


t = 
So? {F, }. >. Define 2'-n.f.a. Nt, <s,U sy U {S55} 5 Dy Mis 


1 *30° 
{F, UF} >, where for all o € ¥, M,(s8,,, 6) # My (84> 9) UMy(Syq 9)> 


and Mg | Ss) U oP) = 4 U My: Note that this is the same construction 


presented immediately after the proof of Theorem 13. 


Clearly, for all v € ae RnR,» v) = {r4: INN? S, | r4(0) = 845 & 


(there exists T> E Rn,» v) such that for all t > 0, r,(t) = r,(t), 

or there exists Ty) € Rn, » v) such that for all t > 0, r, (t) = r4(t))}- 
Hence, there exists r3 € Rn, , v) such that In(r,) cS {Fy UF} Aff fled 
€ 


there exists TY) € Rn (it » v) such that In(r,) © F,, or there exists r 


1 2 


Rn(@l,, v) such that In(r5) CF Therefore, TO,) = TOM) U TOR) - 


2° 
My has only one designated subset. Hence, this completes the proof 
for 2'-n.f.a.'s. 
Using the construction in the proof of Theorem 3, from 2'-n.f.a. m, 
we can construct an equivalent 2'-d.f.a. mn, which has only one designated 
subset. oO 
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The direct construction of a 2'-d.f.a. with only one designated sub- 
set from a 2'-d.f.a. with two designated subsets is complicated. In 
the preceding proof we avoided this complicated construction by the 
judicious use of previous, simpler constructions. 

The more complicated the model is the more ways there are to restrict 
it. Indeed, the 4-f.a. model may be restricted in several useful ways. 
For example, the following three remarks are immediate from the definition 


of 4-accepting. 


« BS = = > 
Remark 2: 4-f.a. (4C-f.a.) M=< S, Z, M, So» ((R,5 GC) ie, is 
equivalent to 4-f.a. (4C-f.a., respectively) ny =< 5S, X, M, By? 
Remark 3: Given 4-f.a. (4C-f.a.) M=< 5S, L, M, Sy: CR,» cere >. 


For each i < n, define 4-f.a. (4C-f.a., respectively) mT, = <S, LZ, M, 


So> ((R,, G,)) >. Clearly, TOM = TM) U... U TOM): 


Remark 4: Given 4-f.a. (4C-f.a.) M=< 5S, 4, M, s ((R, G)) >, where 


0’ 
i: Define 4-f.a. (4C-f.a., respectively) M = <-S, 2; 


M, 89? C(R, {Si} acre >. Clearly, TM = TM). 


Theorem 22: Given any 4-n.f.a. we can determine an equivalent 4-n.f.a. 


with subset pairs Q = ((¢, G)). 


Proof: Given a 4-n.f.a. Ton yi by Theorem 6 (4-f.a. = 3-f.a.), and 

Theorem 4 (2-n.f.a. = 3=n.f.a.), we can determine an equivalent 2-n.f.a. 
= 3 -n.f.a. =< 

mT <8); Xs M> Sip? Fy > | Then 4-n.f.a a) Sy x, M 

(@, F,)) is equivalent to my and hence to Th 0 


1° *10° 
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Given a 4-n.f.a. we can not in general find an equivalent 4-n.f.a. 
with subset pairs 2 = ((¢, (f})). For example, it is easily shown 
that the set A, = 0° U 1” is not defined by any 4-n.f.a. with subset 
pairs 2 = ((, {£})). 

Given a 4-d.f.a. we can not in general find an equivalent 4-d.f.a. 
with subset pairs 2 = ((¢, G)). In fact, the set A, = {fv € (0, 1)%| 


1 ¢ In(v)} is 4-d.f.a. definable, but A, is not defined by any 4-d.f.a. 


3 
with subset pairs Q = ((¢, G)), for if it were, then we would 

immediately have a 2-d.f.a. defining Ag» and this would contradict 

Lemma 12, Similarly, we see that Theorem 22 does not hold for 4C-n.f.a.'s, 


for if A, were defined by some 4C-n.f.a. with pairs 2 = ((¢, G)), 


3 
then we would immediately have a 2C-n.f.a. defining As but A, is not 


2C-n.f.a. definable (by Lemma 12 and Theorem 7). 


SECTION IX COMMENTS ON THE C-RUN MODELS 
All of the following are quite easily shown directly by construction: 


1) 1Ic-, 1'C+, 2'C-, and 3C-f.a. are closed under union and intersection, 
2) 2C-f.a. are closed under union, 

3) 1cC-n.f.a. are closed under projection, 

4) 3C-d.f.a. are closed under complementation, 

5) 1C-f.a. © 2C-f.a., 1C-f.a. © 2'Cef.a., 1C-f.a. S 3C-f.a., 


6) 1'C-f.a. © 2C-f.a., 1'C-f.a. © 2'Cef.a., 1'C-f.a. © 3C-f.a., and 
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7) 2C-f.a. © 3C-f.a., 2'C-f.a. © 3C~f.a. 


All of the following, which we deduce from the results in sections 


4, 4.1, and 5, seem quite hard to show directly: 


1) 2C-f.a. are closed under intersection, 

2) 1'C-, 2'C-, 3C-n.f.a. are closed under projection, 

3) 2C-n.f.a. are not closed under projection, 

4) Ic-, 1'C-, 2C-, 2'C-d.f.a. are not closed under complementation 
(and hence, 1C-n.f.a. C 2C-d.f.a., 1C-n.f.a. C 2'Ced.f.a., ... 
eee, 2'Con.f.a. C 3C-d.f.a.), and 


5) 4C-f.a. = 3C-f.a. 


There is a well known construction in conventional finite automata 
theory which, given any nondeterministic automaton on finite strings 
(n.f.a.f.), determines an equivalent n.f.a.f. with precisely one accepting 
state. From this same construction it easily follows that corresponding 
to any 1C-n.f.a. (2C-n.f.a.) there exists an equivalent 1C-n.f.a. 
(2C-n.f.a., respectively) with precisely one designated state; that 
corresponding to any 1'C-n.f.a. there exists an equivalent 1'C-n.f.a. 
with precisely two designated states one of which is the initial state; 
and that corresponding to any 2'C-n,f.a. there exists an equivalent 
2'C-n.f.a. each of whose designated subsets is a singleton set. 


I suspect but have not proven: 
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1) there is a set which is 1C-d.f.a., 1'C-d.f.a., and 2C-d.f.a. definable 
which is not defined by any 1C-d.f.a., 1'C-d.f.a., or 2C-d.f.a. with 
only one designated state, 

2) there is a set which is both 2'C-d.f.a. and 3C-d.f.a. definable 
which is not defined by any 2'-d.f.a. or 3-d.f.a. all of whose 
designated subsets are singleton sets, 

3) there is a set which is both 2'-d.f.a. and 3-d.f.a. definable, which 
is not defined by any 2'-n.f.a. or 3<n.f.a. with only one designated 


subset. 


SECTION X wW-REGULARITY 
The following remark is rather obvious and we state it without proof. 


Remark 5: AS = is l-f.a. definable iff for some regular event @ & 
r, A= aor, 
We have characterized 1'-f.a., 2-d.f.a., and 2'-f.a. definable sets 
in similar ways. Because these characterizations are much more complicated 
and seem to be of no real value, we won't present them hares 
The set of 2-n.f.a. (3-n.f.a., 3=-d.f.a., etc.) definable sets is 


elegantly characterized as the set of W-regular events as we now show. 
W) 
Lemma 16: If AS is an wW-regular event, then A is 2-n.f.a. definable. 


Proof: By Theorem 12 the family of 2-n.f.a. definable sets is closed 
Ww 
under union. Hence, it suffices to show that the W-regular event of 


is 2-n.f.a. definable. 
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* 
By the definition of W-regular, a©& and B & sh are regular 
events. Hence, there exist n.f.a.f.'s mR, = < sy x, My S40? {ft} > 


dm =<S., 4, M, 
niles B B 


W 
Using mt and M. we construct a 2-n.f.a. defining oB as follows. 


B 
Define 2-n.f.a. M=< 5S, ¥, M, Sy? ie. >, where S = sy U S. U (s,}> 


S 50° {£,) > such that TO) = qa and T@,) = B. 


for all s € Sy - {f£)> and all o € x, M(s, o) = M (ss o), M(f., o) = 


M (fy co) U Mg (Sao> o), for all s € Sp: and all o € X, M(s, o) 2 Ma(ss o) 
and if f. € M,(s, o) then - € M(s, 0); and for all o € %, M(s, o) = 
M(Spo> a). 


For example, a partial state transition diagram of an Mt obtained 


by the above construction is shown in Figure 4. 


mM 
Transitions added to mt, and Ty in constructing M appear as dashed 


lines. 


FIGURE 4 
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Ww 
Suppose v € a8 . Then there exist to < ty < t, ».., such that w = 


(v(O) ... v(ty-1)) € aw, and for allicM#H : a (v(t,) v(t, +1) aks 


v( -1) € Bp. Hence, there exists r € Rn(it, w) such that r(tp) = f? 


bees 
and for each i € IW, there exists tr; € Rn¢it,, y,) such that rj (t,447t,) = 


f,. Hence, from the definition of M, there exists r € Rn(@, v) such 


B 


that r(tg) =f 


wy’ and for all i>0O, r(t,) = os Therefore, om € In(r) 


and r is an accepting Terun on v. Hence, v € TM. 
Suppose v € TQ). Then there exists r € Rn(@l, v) such that - € 
In(r). Hence, there exist t, <t,<t, <..., such that for all i> 0, 


1 2 3 


we have r(t,) = a From the definition of M there must be a ty < ty 


such that r(t,) = f Hence, we have: 


(v(0) ... v(ty-1)) € a, and for all i € MW, 


(v(t,) .+-+ v(t,,;-1)) € B. Therefore, v € op’. 


| 


The above proof with trivial modifications suffices to show that 
3-n.f.a. 2 W-regular. In fact, a 3-n.f.a. defining aB (as above) 


is M=< 5S, XL, M, s #F >, where S, M, s_, are as above and § = 


ad’ a0 


FOS |] s € F}. 
( | s€F 
i) 
Lemma 17: If ACD igs 2-n.f.a. definable, then A is an W-regular event. 
Proof: Given 2-n.f.a. M=<S, ¥, M, 8o> {8)> iia te 8,3 >. For each 


1 <i <k, define 2-n.f.a. mn, =< 5S, ZL, M, 85? {s,} >. Clearly, TM) = 


TOR) Uae TO). Since W-regular events are closed under union, 


the following suffices. 


-94 


Given 2-n.f.a. M=< 5S, XY, M, So? {8} >. Define n.f.a.f.'s 


Ty = <§, ZL, M, So (s,} >, and mM =<S, ¥, M, 84> (s,} >. Let TH) = 


a and TM,) - {A} = B. Clearly, it will suffice to show that TM = 
w 
ap. 

Suppose v € T@M). Then there exists r € Rn(M, v) such that 8) € 


In(r). Hence, there exist to <t, < t, <..., such that for allies 


r(t,) =gs.. Let w = v(0) v(l) ... v(ty-1), and for all i Cy, let 


1 
v(t, ev(t, +1) eee VCE 


y. 


i 1. Hence, v = WY Y1 views ee oes » Let 


itl” 


r 


os r(O)er(l) ... (tp), and for all i EH, let i r(t,) x(t, +1) gears 


r(t..4)- We have the picture: 


Ww: v(0) v(1) ... v(ty-1) 
ry r(0) = 85 TCL) ss eseae. x(t) = Sy 
YQ’ ms v(t) ene v(t,-1) 
Fate r(t)) = 5) orld Die te se eee a r(t,) = 5) 
y;! v(t,) efaieiea v(t, yD 
ry: r(t,) a. r(ts44) = 8} 
Yasn' v(t, 4) + 
r, 
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Clearly, Ty is an accepting Tt -run on w, and for all i €M, tr; 


is an accepting M.-run on yy: Hence, w € @, and for all i Cw, y; € B. 


B 
Therefore, v € ap. 

Suppose v € ap’. Then there exist ty < ty < t, <..., such that 
v(O)ev(1) ... v(t -) € a, and for all i €M, v(t, )*v(t,+1) aks v(t) 
€ Bp. Let w = v(@) ... v(ty-1), and for all i €w, va = v(t,) Bers v(t, 47). 
There exists ryan accepting M-run on w, and for all i € &, there exist 
r, an accepting T,-run on y,- From the definitions of me and Ti,» we 

= = = «ft yrord 

have r (0) = Sp, r4(tp) = 8,» amd for all i CM r,(0) = s, and r,(t, 1 D 


8): We have the picture: 
Ww: v(0) v(1l) ... v(t)-1) 
Ty’ T460) = 89 ECL) T yfto) a Si 
Yo v(tp) é v(ty-1) 
To: rQ (0) a, rg lt, -ty) s 
Vint se 
Teo! : r,t -t, D sy 
yy v(t,) . v(t, 7) 
rj? r, (0) ed r,(t 417t;) = 8) 
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Hence, there exists r € Rn@!, v) such that r = Yo Tt are Th “os 


Clearly, for all i © Ix, r(t,) = s Hence, s) € In(r), r is an 


L 
accepting Mi-run on v, and v € T(™. 


W 
Therefore, T(M = of . 


CO 


Ww 
Theorem 23: A ©} is 2-n.f.a. definable iff A is an w-regular event. 


Proof: Immediate from Lemmas 16 and 17. 


‘m) 


10 


11. 


12. 
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Appendix I 


The Emptiness Problem for Finite Automata on Infinite Trees 


I appreciate Charles Rackoff's extensive help and advice in achieving 


these results and in writing this presentation of them. 


Definition: An f.a.t. (finite automaton on infinite trees) with subset 
pairs is a system O[ = <S, 2, M, Sq? Q >, where < 5S, X, M, Sy > is an 
n-S-table (as defined in Chapter I), and Q = ((R,» CD sen are the 


subset pairs. 
that: 1) r(x) = 89? 2) for ally € Ty (r(y0), r(yl)) € M(r(y), v(y)). 
The set of all Ol-runs on t will be denoted by Rn(OT, t). 
An accepting Ol-run on t = (v, T,) is any r € Rn(OT,t) such that for 
all paths 1 C TY? (r T) is 4-accepting with respect to Q, 
O{ accepts t if there exists an accepting O{-run on t. 
T(OT) = {t = (vy, T,) | Q[ accepts t}._ 
An Q(-run on finite D-tree e = (Vv, E,) is any Ol'-run on e 
(as defined in Chapter I), where Q{' = <S, X, M, So >. We denote 
the set of all O{-runs on e by Rn(OT, e). 
Given f.a.t. with subset pairs O{ = < 5S, Z, M, Sy Q>, we wish 
to determine whether or not T(Q() = ¢. Consider the f.a.t. with 


pairs or =< 5S, (0), °M, 89, A>, where for all s € S$, M(s, 0) = 


U M(s, o). Clearly, T(o1) = 6 iff T(Gt) =¢. 
ced 
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Thus the emptiness problem is reduced to the case of automata 
with input alphabet {0}, and henceforth, we restrict our attention 
to this case. Since for every infinite tree T,. and every finite tree 
E, there exists just one {0}-tree (v, T,) and just one finite {0}-tree 
(v, EL)» we will omit mention of the valuation v and talk abour (|-runs 


onT andE. 
x x 


Definition: If for some path 1 we have x € 7 and y € 7, then we denote 


by [x,y] the set {w | x <ws y}. Note that when y < x, we have [x,y] = ¢. 


Definition: Let a be a string. Let n and m be positive integers such 
that n<m. Then, @€n) denotes the nth element (from the left) of a, 

and a([n,m]) = {a(i) | n<i<m. 

Definition: Let E be a tree (finite or infinite) with root A. For x € E, 
x= () Ty ses o,) € {0, i and r: E 4S, we denote the $"-sequence 


r(A)er(o,)*r(o, c.) Seu) by ve 


* 
Definition: Let Ol=<S, {0}, M, s CR,» Ges >, and let qa€sS 


0’ 
have length p. We say that a is good with respect to 07 if there 
exist integers h.and j such that 1) h<j<p, 2) a(j) = ap), 


3) a ({h,j]) = o([j,p]), amd 4) there exists i < n such that 


o([j,p]) MR, = and a(p) € G.- 
Theorem 1: For any f.a.t. with subset pairs OT =< 5S, {0}, M, So: 
ee T(Ol) #6 © for some finite tree E there exists a 


(Ry» G5), 


is 


mapping r: E +S such that 
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1) r € Rn(Ol, £), 
2) there exist mappings J: Ft(E) + E-Ft(E) and H: Ft(E) > 
E-Ft(E), such that for all x € Ft(E), 
a) H(x) < J(x) <x, 
b) r(J(x)) = r(x), 
ce) r({H(x), J(x)]) = r([J(x), x]), and 


d) for some i <n, r([{J(x), x]) 1 R = ¢ and r(x) € Gy 


Proof: Suppose T(O1) #¢. Then there exists r, an accepting Ol-run 

on T. Clearly, for every path 1 C T there exists x € 1, such that 

ks is good with respect to 0{, because for every path 1 C T we have 
> 


r | tis 4-accepting with respect to Q2 = CR,» Caen Let C = {x | 


On x is good with respect to O{ and for all y < x, oy is not good 
with respect to 01}. C is a finite frontier. If we let E be the 
finite tree with frontier C, then clearly from the definition of good 
string, there exist mappings J and H, which together with r | E satisfy 
conditions 1 and 2 in the statement of Theorem 1. This completes the 
proof of > in Theorem 1. 

© there exist E, r, J and H satisfying conditions 1 and 2 


in the statement of Theorem 1. Then we show that there exists an 


accepting Of-run on T (and hence, T(O1) # 4) as follows. 
Let 7: T 4 E be defined inductively as follows: 


Ll nA) =A. 
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2) if n(x) has been defined, then for o € {0, 1}, 
a) if n(x) € E-Ft(E), then n(x o) = n(x)°o, 


b) if n(x) € Ft(E), then n(x o) = J(n(x))°o. 


Let r: T +S be defined as follows. For all x € Te r(x) = r(n(x)). 
Clearly, r € Rn(Q0{, T) so that it only remains to show that for all 
paths 7 CT, r | Tt is 4-accepting with respect to Q2. That is, r 
is an accepting Ol-run on T. 

Let 1 CT be any specific path. Let Yo = A, and for all i <4», 


let y be the least (under <) x € 7 such that x > y; and n(x) € 


i+l 


Ft(E). Clearly, Y¥o- is the infinite sequence of all nodes 


7 


in T mapped into Ft(E) by 7 listed in the order one would encounter 
them going from the root down along 7. Let V3 IN + Ft(E) xX Ft(E) be 


defined as follows. For all i ¢ W, v_ (4) = (ny). Nyy): 


itl 
For all i € jN we have by the construction of 1: 


(I) J(n(y,)) < Nyy)» and 
(II) T(l¥p> Vga) = rCIS(ny,))> NGyz4,) + Hence, 
(TIT) In(r | m) = U r({J(z,), 2,]). 

(2,525) €In(v_) 


* 
Clearly, there exists a finite sequence XXX ors KX, € (Ft(E)) 


such that X= xy and In(v_) = { (x9, X41) (x); Xo)» eer (xp x}. 


Henceforth, let XXX oe XK, be a specific such sequence. Let J; 


denote J(x,) and He denote H(x,). By (I), (II), and (III) we have: 
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m= 1 

(IV) Ine | m) = U r(t5,, *,,,]), and 
i=0 

(V) for all OsSi<no, J; < Kea’ 


We now prove three lemmas about finite trees. Then we use the 


last lemma to complete the proof of Theorem 1. 


Lemma 1: There exists M, 0 < M<m, such that for alli, OS i<n, 


we have Hy < H- That is, By = min(Hy> ee H- 


Induction hypothesis: (0 <k<m): There exists an integer M', 


0 < M' s k, such that for alli, O<s isk, Hy < H,- 


Basis: Ho < Ho: 


Induction step: 


Hy! < Hy by the induction hypothesis. 


H. by clause 2a in the statement of Theorem 1. 


< 
k Ji? 
Jy < Xe? by (V). 
Heney, Byy < Mop: 

By clause 2a in the statement of Theorem 1, we also have Ahad < 
ett’ Hence, Hy and eed are comparable (under <). Clearly, 
min(Hy:» Fay < Hs for all i, Os i < k+l. oO 

If M # m, then we can rename the nodes as indicated in the 
following diagram for the case M = 3 and m = 6. The nodes are rep- 


resented as circles @) 
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6) Ce tm 


6 x 
= 3 
6 
old naming new naming 


Clearly, in general after a renaming as above, (IV), (V), and the 
conditions in the statement of Theorem 1 still hold. Hence, we may 


assume Hh = min{H, ats Hi » without loss of generality. 


Lemma 2: If ian = min{H,, ..., HJ» then for all i, 0 sis (m-1), 
r([H,» x,4,]) 2 r({fH, ,))- 


: q ‘ i . <H, <J,<x 
Proof: Let i be any integer such that 0 <i<m a i i i41? 


and J, < Xo hence we have the picture: 


A 
m 


i *s41 
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Hence, r({H» X44) 2 r([Hs H,)) U r([H,, J,])- By 2) ¢) of Theorem 
1, c({Hy, J,]) = r([J,, ,])- Hence, r(MH,, x,,,]) 2 r(IJ,, x). 


and therefore, r([H; X44) 2 r({Hs x, ])- Oo 


Lemma 3: If a = min{Hp, saia’y Hi» then for all i, 0 <i < (m-1), 


r({H» x1) 2 r(1J,, 411). 


*i41 
Proof: Let i be any integer such that 0 <i < (m-1). 
= = 
By Lemma 2 r({H_, x1) 2 r({H, x41), c({Hj» x41) 2 r(IH» 


Kegs errs FCIHs X,,5]) > r({H,, x,,,1)- Hence, r({H, x ]) = 


i+1 

r({H» X44): We have a < Hy s J, < Xsa° That is the picture: 

H 

m 

Hy 

Jy 

Xi4+1 ° 

2 ; , 

Hence, [H > X44) [J,> X544! Hence r([H, x) = r({J,> X41) a 


Completion of the Proof of Theorem 1: Without loss of generality we 
assume ian = min{H), rer Hy . By Lemma 3, 
m=1 


r({H > xD 2 2 r({J,, x 


i+1))- 
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By part 2) d) of Theorem 1 we have for some i, @ <s i <n, r([J > x) q 
L, = ¢ and r(x) €U,- By part 2) c) of Theorem 1, r([H, xD = 


r([J_ x): Hence, 


m-1 
& r(lJ,5 X44) a R, = ob, 
and 
m-1 
Eo r(IJ,> X44) q S # Oo. 
Therefore, by (II) (r | T) € [Q]. n 


Theorem 2: The emptiness problem for f.a.t.'s with subset patts 


is decidable. 


Proof: Let Of =< 5S, {0}, M, 89> I>, be an f.a.t. with subset paits. 


Let B ={W, E) € Y there exists an Of-run & wrt (v,/Ehusisch that for 


{0} 
all x € Ft(E), ae is good with respect to Q]}. 

Clearly, we can censtmiat a deterministic finite automaton on 
finite strings which defines the set of all good strings with respect 
to Of. Hence, we can determine a 3-f.a.f.t. Oo, such that T(Q[,) = 
B. By Theorem 11 of Chapter I, T(OT,) = ¢ is decidable. By Theorem 1 


Q. 


in this appendix, T(Ol) = ¢ iff T(O7,) 


DO 
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Appendix ITI 


Definition: An f.a.t. with designated subsets is a system OT=<s, 


x, M, So? & >, where <S, 5, M, s, > is an n-S-table, and # © P(S) 


0 
is the set of designated subsets. 


ee ee ee —— ee 


such that for all paths 7 © TY. In(r | ™) € &, 
O[ accepts t if there is an accepting Ol-run on t. 


T(OT) = {t = (v, T,) | there exists an accepting Ol-run on t}. 


Theorem 3: For any f.a.t. with designated subsets O[ = <S, {0}, M, 
Sq? ¥ >, T(O1) # @ @ for some finite tree E there exists a mapping 


r: E> S such that 


1) r € Rn(O{, E), 
2) there exist mappings J: Ft(E) + E-Ft(E) and H: Ft(E) + E-Ft(E) 
such that for all x € Ft(E) 
a) H(x) < J(x) <x, 
b) r(J(x)) = r(x), and 


c) r([H(x), J(x)]) = r([J(x), x]) € F. 


Proof: The proof of the implication to the right (=) is essentially 
the same as in Theorem 1 of Appendix f. 
The proof of the implication to the left €) follows from a 


simple extension of the proof of Theorem 1 using the following lemma. 


-107- 


The following lemma is independent of Lemmas 1, 2, and 3 of 
Appendix I. In extending the proof of Theorem 1 to a proof of Theorem 
2, Lemma 4 could be reasonably placed just before Lemma 1 or just after 
Lemma 3. Lemma 4 should be evaluated as if it appeared in the just 


mentioned context. In the following, let x,, ..., x be as in Lemmas 


0” 
1, 2, and 3 in Appendix I. 


m-1 
Lemma 4: For all k, Os k <n, ee [J,> X44) a (J, x, J. 


(Note that Lemma 4 is another lemma about finite trees, as were 
Lemmas 1, 2, and 3. Note, also, that unlike Lemmas 2 and 3, Lemma 4 
does not involve the O{-run r. Lemma 4 is simply about sets of nodes 


of T.) 
Proof: The facts about the sequence of nodes XX 0° Xy which the 


following proof uses are: 


(I) x, =x , and for alli, Os i<m, J, <x, &J, <x 
m 1 i i 


0 itl’ 


Definition: For 0 < i, j < m, let the branchhige point B(i, j)be the 
g-1.b. (under <) in T of {x,> me That is, B(i, j) is the unique 
y € T such that 1) y< x, &y < x, and 2) (WweET)(Wws x, &wes x, + 


wsy). 


Observe that for all 0 <i<n, J, < x, &J, <x + and hence, 


i i 1 


Jy S BCi, i+1). 


As noted in Appendix I, we can rename the nodes,°x,, x 


0 po ¥, 


so that node x, becomes node Xo and (I) holds for the new sequence 


Xo*1 soe Xe Hence, we prove Lemma 4 by proving: 
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m-1 


CD Uys p44] 2 gs Xp) 
i= 


We prove (II) by proving by induction on h, 0 sh < (m-1), 


h 
(IIT) U [J55 X44! 2 [Jos B(O, h+1]; 
i=0 
m=1 
= = i i = = 
for when h = m-1 this gives us ee [J,> X41! [Jq» Xo] (since x 


Xo and hence, B(0, m) = Xp): 


Therefore, the following induction completes the proof of Lemma 4. 


h 

Induction hypothesis: (0 <h<m=1)): WU [J,, x,,,] 2 [J,, B(O, ht1)].° 
i=0 i itl 0 

Basis: [Jo> Xo] 2 [Jo> B(O, 1)]. 

Induction step: B(0, h+2) < Xo & B(O, htl) < Xp. hence, B(O, htl) and 


B(O, h+2) are comparable, so that either case 1 or case 2 holds. 


Case 1: B(0O, ht2) < B(O, ht1). 


We have the picture: B(O, ht2) 
B(0, Pi +2 
L *h+1 

0 


From the picture it is clear that [Jq> B(O, h+l)] 2 [Jo» B(O, ht2)]3 


and hence by the induction hypothesis, 
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Clearly, we have [Sha x42) = [B(O, ht1), B(O, h+2)]. Since 
[Jp> B(O, ht+2)] & [Jg> B(O, ht+1)] U [B(O, ht1), B(O, h+2)], we have 
by the induationohypoethesis, 


h+1 
J [J,> X44! 2 [Jp> B(O, h+2)]. 
=0 


1 


This completes the induction and the proof of Lemma 2. oO 


The extension of the proof of Theorem 1 needed to prove Theorem 
3 is as. follows. 
By Lemmas 3 and 4, if He = min{Hy> siehiy Hi» then 
m=1 


U eCldys X41) = Figs *D- 


Then by clause 2c in the statement of Theorem 3, 


m=1 
Tn(r | 1) = a r([J,5 X41) = r({J_» x) € &, This completes 
the proof of Theorem 3. CD 


Theorem 4: The emptiness problem for f.a.t.'s with designated subsets 
is decidable. 

The proof of Theorem 4 using an appropriate definition of good 
string and Theorem 3 is essentially the same as the proof of Theorem 2 


in Appendix I. 
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Remark: Let f.a.t. Ol (with subset pairs or with designated subsets 
have q states. For either definition of good string (i.e., the 
definition appropriate for the proof of Theorem 2 or the definition 
appropriate to Theorem 4) we can Gonatruct a nondeterministic finite 
automaton on finite strings, Tl, which defines the set of good strings 
and which has at most 274.441) states. By the subset construction we 


can design a deterministic finite automaton Th equivalent to ® and 


274 (q41) 


such that Tt, has at most 2 states. Using a we can easily 


construct a 3-f.a.f.t. Q7, such that T(OT,) = @ iff T(OT) = 6, and such 


1 
that the state set of Oo, is the cross product of the state sets of 


Ol and M - Hence, Ol, has at most Q states where Q = q 2 q ‘i 
By Theorem 11 of Chapter I, we can determine whether T(OT,) = @ in 


9° computational steps. 
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